
Precalculus: 4.2 Logarithmic Functions and Their Applications

Concepts: logarithmic functions, the natural logarithmic function, properties (domain, range, increasing, decreasing),
graphical transformation of logarithm function.

As we saw earlier, if b > 0 and b 6= 1, the exponential function y = bx is either increasing or decreasing and so it is
one-to-one by the Horizontal Line Test.

Therefore, it has an inverse, f−1 which is called the logarithmic function with base b. Using our definition of inverse
functions, we have

logb(x) = y ←→ by = x.

So, if x > 0, then logb x is the exponent to which the base b must be raised to give x.

For example, log10 0.001 = −3 because 10−3 = 0.001.

The inverse function cancellation equations can be written for the logarithmic and exponential functions as:

logb(b
x) = x for every x ∈ (−∞,∞)

blogb(x) = x for every x ∈ (0,∞)

The domains and ranges are apparent if we look at the graphs of bx and logb x:

b > 1 b < 1

lim
x→∞

logb x =∞
lim

x→0+
logb x = −∞

lim
x→∞

bx =∞
lim

x→−∞
bx = 0

lim
x→∞

logb x = −∞
lim

x→0+
logb x =∞

lim
x→∞

bx = 0

lim
x→−∞

bx =∞
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The Common Logarithm: Base 10

Logarithms with base 10 are very common, since we are used to working with base 10 in almost all the math we do. Hence
they are called the common logarithms. We write

log10 x = log x

(drop the base 10) since it is understood that the base is 10. We have

y = log x←→ 10y = x.

Inverse function cancelation equations:

log 10x = x, x ∈ (−∞,∞)

10log x = x, x > 0

The Natural Logarithm: Base e

If the base that is used is e, from the natural exponential function, we have a natural logarithm (so called because of how
often it appears in mathematics, especially how it simplifies some computations in calculus).

We write loge x = lnx if y = lnx←→ ey = x. The cancelation equations are:

ln(ex) = x x ∈ (−∞,∞)

eln x = x x > 0

To add the the confusion, some people will use the notation log x to refer to the natural logarithms!

Here is a sketch of the common and natural logarithms, and their inverses the exponential functions:
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From the sketch, you can work out properties of these functions, such as the following for y = f(x) = lnx:

Domain: x ∈ (0,∞)

Range: y ∈ R
Continuous on (0,∞)

Increasing on (0,∞)

No symmetry

Not bounded

No local extrema

No horizontal asymptotes

Vertical asymptote: lim
x→0+

lnx = −∞

End Behaviour: lim
x→∞

lnx =∞
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Example Describe how to transform the graph of y = lnx into the graph of f(x) = − ln(−x) + 1.
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Finding the inverse is the main application of solving exponential and logarithmic equations in this section. The following
section develops more advanced rules to allow us to solve more advanced equations.

Example Given f(x) = 3ex+2, find f−1(x).

Let: y = 3ex+2

Interchange x and y: x = 3ey+2

Solve for y: ln
(x

3

)
= ln(ey+2)

ln
(x

3

)
= y + 2

y = f−1(x) = ln
(x

3

)
− 2

Verify the cancelation equations:

f(f−1(x)) = f
(

ln
(x

3

)
− 2

)
= 3 exp

(
ln
(x

3

)
− 2 + 2

)
= 3 exp

(
ln
(x

3

))
= 3

(x
3

)
= x

f−1(f(x)) = f−1(3ex+2)

= ln

(
3ex+2

3

)
− 2

= ln
(
ex+2

)
− 2

= x + 2− 2

= x
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