
Precalculus: B.3 Polynomials

Polynomials

• A polynomial is the sum of a finite number of terms of the form axn where a is any real number and n is a whole number.

• A multivariable polynomial has more than one polynomial, for example 56x3y4 + xy2 − x2.

• The degree of a term is the sum of the exponents of all the variables in the term.

• The degree of a polynomial is the largest degree of all the terms in the polynomial.

Add or subtract two polynomials by collecting like terms.

Multiply polynomials by using the distributive property.

(x + 2x2 + 4x3)(1 + y) = x(1 + y) + 2x2(1 + y) + 4x3(1 + y) (distribute the factor (1+y) into the first polynomial)

= x + xy + 2x2 + 2x2y + 4x3 + 4x3y (now distribute the factor into (1+y))

you could then collect like terms to simplify–in this case, there are no like terms so we are done.

Special cases of multiplication (these occur frequently, so they are useful to know, but you could always work these
out using the distributive property):

• (a + b)(a− b) = a2 − b2

• (a + b)2 = a2 + 2ab + b2

• (a− b)2 = a2 − 2ab + b2

Example Multiply (3ab)(5a2c)(−2b2c3).

(3ab)(5a2c)(−2b2c3) = −(3ab)(5a2c)(2b2c3) (deal with the overall sign first)

= −(3 · 5 · 2)(aa2)(bb2)(cc3) (collect together constants and factors with the same base)

= −(30)(a3)(b3)(c4) (simplify using rules of exponents–remember a = a1)

= −30a3b3c4 (remove extraneous parentheses)

Example Multiply (9a− 14b)2.

(9a− 14b)2 = (9a− 14b)(9a− 14b) (I am going to use the distributive property, so expand the exponent)

= 9a(9a− 14b) − 14b(9a− 14b) (here I have distributed the 9a− 14b factor)

= 9a(9a) − 9a(14b) + (−14b)9a− (−14b)14b) (here I have distributed the 9a factor and the −14b factors)

= 81a2 − 126ab− 126ab + 196b2 (simplify)

= 81a2 − 256ab + 196b2 (done)

Example Multiply (x2 − 5x)(x5 + 7x)(x3 + x + 3).

This is a test of your ability to keep tracks of all the pieces during a long solution.

Multiply the first two factors together:

(x2 − 5x)(x5 + 7x) = (x2 − 5x)(x5) + (x2 − 5x)(7x) (distribute the x2 − 5x factor)

= x2(x5) − 5x(x5) + x2(7x) − 5x(7x) (distribute the factors into the x2 − 5x)

= x2+5 − 5x1+5 + 7x2+1 − 35x1+1 (simplify using exponent rule xa · xb = xa+b)

= x7 − 5x6 + 7x3 − 35x2 (simplify)

Instructor: Barry McQuarrie Page 1 of 3



Precalculus: B.3 Polynomials

Now for the final polynomial product:

(x2 − 5x)(x5 + 7x)(x3 + x + 3) = (x7 − 5x6 + 7x3 − 35x2)(x3 + x + 3)

(distribute the x3 + x + 3 factor)

= x7(x3 + x + 3) − 5x6(x3 + x + 3) + 7x3(x3 + x + 3) − 35x2(x3 + x + 3)

(distribute the factors into the x3 + x + 3)

= (x7)x3 + (x7)x + (x7)3 + (−5x6)x3 + (−5x6)x + (−5x6)3 + (7x3)x3

+ (7x3)x + (7x3)3 + (−35x2)x3 + (−35x2)x + (−35x2)3

(simplify using exponent rule xa · xb = xa+b)

= x7+3 + x7+1 + 3x7 − 5x6+3 − 5x6+1 − 15x6 + 7x3+3

+ 7x3+1 + 21x3 − 35x2+3 − 35x2+1 − 105x2

= x10 + x8 + 3x7 − 5x9 − 5x7 − 15x6 + 7x6 + 7x4 + 21x3 − 35x5 − 35x3 − 105x2

(collect like terms)

= x10 − 5x9 + x8 − 2x7 − 8x6 − 35x5 + 7x4 − 14x3 − 105x2

• The order you distribute in when multiplying polynomials does not matter.

(x2 − 4x + 5)(x− 2) = (x2 − 4x + 5)x + (x2 − 4x + 5)(−2) (distribute the x2 − 4x + 5 term)

= x3 − 4x2 + 5x + x2(−2) − 4x(−2) + 5(−2) (now distribute the factors into the x2 − 4x + 5)

= x3 − 4x2 + 5x− 2x2 + 8x− 10 (simplify)

= x3 − 4x2 + 5x− 2x2 + 8x− 10 (collect like terms–I’ve used colour here)

= x3 − 6x2 + 13x− 10 (done)

Here’s an alternate simplification:

(x2 − 4x + 5)(x− 2) = x2(x− 2) − 4x(x− 2) + 5(x− 2) (distribute the x− 2 term)

= x3 − 2x2 − 4x2 + 8x + 5x− 10 (now distribute the factors into the x− 2)

= x3 − 2x2 − 4x2 + 8x + 5x− 10 (collect like terms–I’ve used colour here)

= x3 − 6x2 + 13x− 10 (done)

• FOIL obscures the distributive property you are using, and only works on binomials, so I don’t use it. The distributive
property is what I use. You are, as always, free to use it since FOIL is mathematically correct.

Dividing polynomials is best done by the long division form. Go slow and be careful at each step–it’s easy to make
mistakes with this process! Practice will make the steps clear.

• Some of you may have learned the process called synthetic division to divide two polynomials. You are welcome to use
this if you like. I have never used synthetic division in my life, and feel that it obscures what is actually happening when
you divide two polynomials. Synthetic division also does not allow you to divide by quantities like 3x2 + 1, which long
division does without difficulty. Finally, long division of polynomials is much easier for a reader to follow, and therefore
much better for us to do!

Example Divide
6y3 − 3y2 + 4

2y + 1
.

Since we are missing a term, we need to remember to write the numerator as 6y3 − 3y2 + 0y + 4.
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Our long division tells us that

6y3 − 3y2 + 4

2y + 1
= 3y2 − 3y +

3

2
+

5/2

2y + 1
.

We can check if this is correct by finding a common denominator on the right hand side, which will involve polynomial
multiplication:

3y2 − 3y +
3

2
+

5/2

2y + 1
=

(
3y2 − 3y +

3

2

)
2y + 1

2y + 1
+

5
2

2y + 1

=

(
3y2 − 3y + 3

2

)
(2y + 1) + 5

2

2y + 1

=
3y2(2y + 1) − 3y(2y + 1) + 3

2 (2y + 1) + 5
2

2y + 1

=
3y2(2y) + 3y2(1) + (−3y)2y + (−3y)1 + 3

2 (2y) + 3
2 + 5

2

2y + 1

=
6y3 + 3y2 − 6y2 + 4

2y + 1

=
6y3 − 3y2 + 4

2y + 1

which verifies the long division result. Obviously, checking your long division in this manner gives you good practice with
polynomial multiplication as well!
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