Precalculus: Final Exam Practice Problems

This is not a complete list of the types of problems to expect on the final exam.
The final exam will have 8 questions worth 20 marks each.
The may be some True/False on the exam.

Example 1 Find csc6 if tanf = g and sin g < 0.

Example 2 Find an algebraic expression equivalent to the expression sin (arccos (%))

Example 3 Solve cos 2z 4 cosz = 0 algebraically for exact solutions in the interval [0, 27).

Example 4 Find the value of sin (%) exactly using an angle difference formula.

1
Example 5 Use the power reducing identities to prove the identity sin z = §(3 — 4 cos2x + cos4x).

Example 6 Convert the rectangular equation (z + 3) + (y + 3)? = 18 to a polar equation.
Example 7 Starting from cos(u — v) = cosu cosv + sinusin v, derive an expression for sin(u + v).

. . . . . 1+ cos2u
Example 8 Starting from cos(u + v) = cosu cosv — sinu sinv, prove the identity cos?u = —

SEC2 u

Example 9 Prove the identity sec2u = ————.
2 —sec?u
Example 10 Solve tan(z/2) = sinx for x € [0, 7).

Example 11 Show why tan (—%) =—-2+3 using angle difference formulas.

Problem 12 Derive the Law of Cosines, a® = b? + c? — 2bccos A, given the triangle

C

A
c B

Example 13 Draw a well-labeled sketch that shows why the solutions to sinx = M (where 0 < M < 1) are ¢ =
arcsin M 4+ 2nm and x = 7 — arcsin M 4+ 2nmw, n =0,1,2,3,....

Example 14 Draw a well-labeled sketch of y = tanz (include two periods of the function y = tanz) and y = arctan x.
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Solutions

Example 1 Find csc@ if tanf = g and sin 6 < 0.

Since sin @ is less than zero, we must be in either Quadrant IIT or IV.
Since tan @ is greater than zero we must be in either Quadrant I or ITI.
Therefore, the angle # has a terminal side in Quadrant III.

A AY AY
II I
S[A -~ 4 x 0 Z
T(C - - -
i V' P(a,y) P(~77,-2)
y_T_ -7

Since tanf = = = , we have y = =77, x = —2.
x

2 -2
The distance 7 = /22 + y2 = /(—=77)2 + (—2)% = v/5933.

r V5933 /5933

sin y -7 77

Therefore, csc =

Example 2 Find an algebraic expression equivalent to the expression sin (arccos (1)).

1 dj
To simplify this let § = arccos (l) This means cosf = — = -3 .
r xz  hyp

Construct a reference triangle

hyp=x opp=vz? —1

adj=1

The length of the opposite side was found using the Pythagorean theorem

| ( < 1 ) ) | Opp xQ - 1
sin [ arccos | — =sinfl= — = ————.
x hyp x

Example 3 Solve cos 2z 4 cosx = 0 algebraically for exact solutions in the interval [0, 27).

cos2r +cosxr = cos’x — sin2 X 4+ cosx

cos?z — (1 — cos? ) + cos

= 2cos’z+cosz—1=0

Let y = cosx. Then

cos2x +cosx = 2cos?z+cosz—1=0
= 2 +y—1=0
b+ Vb2 —4dac —-1+£V1+38 —-1+3 2 —4 1
y = — = =—-—o —=—-or —1
2a 4 4 4 4 2
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So we must solve y = cosz = 1/2 and y = cosz = —1.
The equation cosx = —1 has a solution of 7 in the interval [0, 27).

The equation cos 2 = adj/hyp = 1/2 corresponds to one of our special triangles:

hyp=2 opp=+/3

adj=1

So the solution is 7/3.

There is also a solution in Quadrant IV at 27 — 7/3 = 57/3 in the interval [0, 27).

5
The solutions to cos 2z 4 cosx = 0 in the interval [0, 27) are g, m, ?W

Example 4 Find the value of sin (112) exactly using an angle difference formula.

Solution:

First, we need to figure out how to relate 7/12 to some of our special angles, since we are told to find this answer exactly.

T2 _br—dm 77
12 24 24 T 4 6
Therefore,
sin (1) = sin (E —)
12/ 4
e s . s . . .
= (Z) COSs ( ) — COS (4) S1n (g) ) use sm(u — 1}) = SINUCOSV — COSuSIMv
= ( 1 ) ( ) ( 1 ) (1) using reference triangles below
2 V2 3 ) g g
_ V3 1 V31
2{ 2\/ 2v/2
hyp=v/2 opp=1 hyp=2 opp=1
adj=1 adj=v3
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1
Example 5 Use the power reducing identities to prove the identity sin* z = §(3 — 4 cos2x + cos4x).

Solution:

4

. 2
sm xr =

sin x) 2

—

1 — cos2x
2

1 — cos2u

ith u = .
2

2
) , using sinu =
(1 — cos 2z)?

(1+ cos® 2z — 2 cos 2z)
14 cos4dx
2

n 1+ cosdx _ 4 cos 2x
2 2

1+ cos2u
2

[y

) — 2cos 2w> , using costu = , with v = 2.

7 N N

NN

(2+ 1+ cosdx — 4cos2x)

(3 + cosdx — 4 cos 2x)

Ol 0O 0O x| B A==/

= = (3—4cos2z + cosdx)

Example 6 Convert the rectangular equation (z + 3)? + (y + 3)? = 18 to a polar equation.

We simply use our relations:

xr = rcosf
= rsin6,

(x+3)°+(y+3)° = 18

(rcos@ +3)* + (rsinf +3)* = 18

(r?cos? 0 +9 4 6rcos0) + (r*sin® 0 +9 + 6rsinf) = 18

r2(cos® 0 +sin? @) + 18 + 6rcosf + 6rsinfd = 18

r2(1) 4+ 6rcosf + 6rsinf = 18 —18
r? +6rcosf +6rsinf = 0
r(r+6cosf +6sinfd) = 0
r+6cosf +6sinf = 0, r#0
r = —6cosf —6sinf

Example 7 Starting from cos(u — v) = cosu cosv + sinusin v, derive an expression for sin(u + v).

cos(u —v) = cosucosv+ sinusinv
. 71'
sin(fu +v) = cos (5 - (u—l—v))
(Tr )
= cos(—-—u—vw
2

- ox((5-0)-)

™ . ™ .
= COSs (f 7u> COS ¥ + SIn (7 7u> Sin v
2 2

= sinwucosv + cosusinv
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Example 8 Starting from cos(u

cos(u +v) =

cos(2u) = cos(u + u)

cos2u =

cos"u =

Example 9 Prove the identity sec 2u =

1

sec2u = ——
cos 2u

+ v) = cosucosv — sinu sinwv, prove the identity cos?u =

COS U COSV — Sinwu sinv

CcoSu Ccosu — sinu sinu
cos?u — sin®u

2

cos? u — (1 — cos?

)
2cosu—1
1+ cos2u

2

SeC2 u

2 —sec?u’

Pause to figure out the trig identity we need.

cos(u — v)

cos(u + v) = cos(u — (—v))

= cosucosv —+ sinusinv

cos u cos(—v) + sinusin(—v)

= CcoSuCosv — sinusinv

cos(2u) = cos?u —sin®u
Back to our problem:
sec2u = o
cos 2u
1
~ cos?u —sinZu
B 1 ( sec? u >
~ cos?u—sinu  \sec?u
_ sec? u
~ (cos?u — sin? u) sec? u
B sec? u
~ (cos?u —sin? ) e
B sec? u
- 1-—tan®u

Pause to figure out the trig identity we need.

cos’x +sin’z = 1
cos?z  sin’z _ 1
cos2z  cos?zx  cosz
1+tan’z = sec’z
tan’z = sec’z—1

Back to our problem:

2

sec” u
sec2u = —
1 —tan®u
sec? u

1— (sec2u—1)

sec? u
sec2u = Pt I
2 —sec’u

1+ cos2u

2
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Example 10 Solve tan(z/2) = sinz for z € [0, 7).
We need to convert the half angle tangent function to trig functions of .

Pause to work out some trig identities:

cos(u —v) = cosucosv+ sinusinv

cos(u + v) = cos(u — (—v)) cos u cos(—v) + sinusin(—v)

COS U COSV — Sinwu sinv

cos(2u) = cos®u —sin®u

cos? u — (1 — cos® u)

= 2cos’u—1

1
cosu = 5(1 + cos 2u)

cos(2u) = cos?u —sin®u
= (1—sin®u)—1
= 1-2sin’u

1
sinfu = 5(1—008211)

sin® u

tan®u = 5
COSs“ U

1 —cos2u
1+ cos2u
~ 1—cos2u (1 cos2u)

1+ cos2u 1 —cos2u

(1 — cos2u)?
1 — cos?2u

(1 — cos2u)?
sin® 2u
9 < 1—cos 2u> 2

tan“u = _—

sin 2u
1 —cos2u

tanu = -
sin 2u

The last line is true since sin 2u and tan u have the same sign at any point.

This was a serious amount of work, but look at how many trig identities we found along the way! On a test, these identities
can be reused in other problems if needed. This is probably the most work you would ever have to do so derive certain
trig identities; most of the time the derivation will be significantly shorter.

Now we can work on our problem:

tan(z/2) = sinzx
ﬂ = sinz, (above formula with v = z/2)
sin x
1—cosz = sin’x
1—cosz = 1—cos’z
—cosx = —cos’w
cos’z —cosx = 0
cosz(cosx—1) = 0

So we need to solve cosz = 0 and cosz — 1 = 0.
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For the first, cosz = 0 for z = 7/2 € [0, 7).
For the second, cosz =1 for x =0 € [0, 7).

The two solutions are z = 0, g for « € [0, ).

Example 11 Show why tan (—%) = —2 + /3 using angle difference formulas.

We can write the tangent in terms of sine and cosine functions:

( 7r> _ sin (—7%)

cos (—75)

Now, we need to figure out how to relate —r/12 to some of our special angles, since we are told to find this answer exactly.

—7T_—27T_47T—67T_

—m_Tem _sm—obm  mo
12 24 24 6

e

hyp=+v/2 opp=1 hyp=2 opp=1

Here are the reference triangles we will need: adj=1 adj=v/3

We need cosine and sine of a difference identities, which are

cos(u —v) = cosucosv+ sinusinv (memorized)
sin(u +v) = sinwucosv + cosusinv (memorized)
sin(fu —v) = sin(u+ (—v)) (work this out, using above identity)

= sinucos(—v) + cos usin(—v)

sin(u —v) = sinucosv — cosusinv (since cosine is even and sine is odd)

We have what we need to solve the problem.

Therefore,

n(5) - ()
S 12 = Sin 6 4
. ™ ™ . . .
= Ssin (6) COS ( ) — COS (6) sin ( ) 5 use sm(u — U) = SIN U COSV — COSUSINvV
1

1\ (1 \/5 , .
= (=)= — using reference triangles above
2)\V2 2

1 \/3_1—\/3
W2 22 22

and

7r . .
—) cos ( ) + sin (—) sin ( ) , use cos(u —v) = cosucosv + sinusinv

1 1
— |+ | = using reference triangles above
(73)+ () () wine :

v3 1 V341
22 2v2 22
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So we have
(T SE) (1E) (23 ) 1oy
12 cos(—%) 2v/2 V3+1 1+v3
To get the final result asked for, we can rationalize the denominator:

tan( 77)71—\/571—\/3 <1—\/§>1—2\/§+34—2\/§2+\/§.

- = = X
12 1+v3 1+V3 1-v3 1-3 —2

Problem 12 Derive the Law of Cosines, a® = b% + c? — 2bccos A, given the triangle
C

A

c B

The law of cosines is a generalization of the Pythagorean theorem. It can be derived in a manner similar to how we derived
the formula for cos(u — v). Let’s introduce a coordinate system (my triangle has changed in scale, but otherwise the edges
a, b, and ¢ all line up!):

Clxy)

bl iy

L X
A0.0) B(e.0)

The coordinates of the point C' satisfy:
% =cosA and % =sin A

Therefore, x = bcos A and y = bsin A. Using the distance formula, we can write for the distance from point C to B:

@ = Je-0rt(y-0p
a2 = (z—c)?ty?
a®> = (bcosA—c)? + (bsin A)?
a®> = b?cos® A+ c® —2bccos A+ b%sin® A
a> = b*(cos? A+sin? A) + ¢ — 2bccos A
a® = b*(1)+c? —2bccos A
a> = b+ —2bccos A
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Example 13 Draw a well-labeled sketch that shows why the solutions to sinz = M (where 0 < M < 1) are z =
arcsin M £+ 2nm and * = 7w — arcsin M £ 2nm, n =0,1,2,3,.. ..

!j: S':(h(

f;‘ji,’;”‘ioun-m. Rlowp Hhak

PaJ'l" o¥ Cll—aﬂfa‘\/l "

> x
Vou 3e+ rest of go{ancM.b
since sin¥ hal pen'ocﬂ 2t
solidions f0  sinxe=M
aré
>

= &FCQMM + 20’”_/

= fr-arcsmmt anit™

y-asesin ™M .
N= 0,123 . _

Example 14 Draw a well-labeled sketch of y = tanz (include two periods of the function y = tanx) and y = arctan x.

WYE

=)
rd b
)

N ol T —

- -

- — = =
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