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1011 Precalculus Chapter 5: Concepts to Review

Chapter 4

You will need to have proficiency with Chapter 4 to understand Chapter 5. The more important things from Chapter 4
are:

e angular measure, degree, radians (4.1)

e right triangle trigonometry, Pythagorean theorem (acute angles) (4.2)

hyp opp
adj
i hypotenuse
sinfd = _opposite csc ) — ypi
hypotenuse opposite
_adjacent _ hypotenuse
cosf = ————"—"_ gsecl= "————
hypotenuse adjacent
i adjacent
tanf = w cotd = adjacens .
adjacent opposite

e special triangles (4.2)

The six basic trigonometric functions relate the angle 6 to ratios of the length of the sides of the right triangle. For
certain triangles, the trig functions of the angles can be found geometrically. These special triangles occur frequently
enough that it is expected that you learn the value of the trig functions for the special angles.

A 45-45-90 Triangle

Consider the square given below.

1 V2 1

/4

1 1

The angle here must be 7/4 radians, since this triangle is half of a square of side length 1.

Now, we can write down all the trig functions for an angle of w/4 radians = 45 degrees:
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4 adjacent 1 4 tan (7)
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A 30-60-90 Triangle

Consider the equilateral triangle given below. Geometry allows us to construct a 30-60-90 triangle:
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We can now determine the six trigonometric functions at two more angles!
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e initial side, terminal side, vertex, standard position, coterminal angles, quadrantal angles, quadrants, CAST (4.3)

A

Y

11T v

If we label the point at the end of the terminal side as P(z,y), and if we let r = /22 4+ y2, we can construct the
following relationships between the six trig functions and our diagram:

cost =

)

sin@zy, tam@zg7 x#0
T T

cscl =

S e

L y#0,  secf=_, 2#0,  coth=", y#0
x Yy

Chapter 5

You will need to be able to know the basic trig identities, or derive them. I recommend memorizing a few, and deriving
others that you will need when necessary. I would memorize cos® z + sin®z = 1, cos(u — v) = cosucosv + sinusinwv,
sin(u 4+ v) = sinu cos v + cosusin v.

e Basic Identities (5.1)

From the definition of the trig functions:

1
cscl = pmr secl = p—— cotf = p—
1 1
st csc €08 sec 6 at cot 0
tanf = sin 6 cotf = C,OSH
cosf sin 0

e Pythagorean Identities (5.1)
cos?f +sin?f =1

Divide by cos? §:

cos?2  sin?6 B 1
cos26  cos2f  cos26
1+tan?0 = sec?d

Divide by sin? 6:

cos?2f  sin’0 1
sin?6  sin?6 sin’ 9
cot?’0+1 = csc2o
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e Cofunction Identities (5.1)

. ™ . (T T
sin @ = cos (5 —9) cos f = sin (5 —9) tan = cot (5 —9)
™ ™ ™
cscf = sec (579) secf = csc (570) cot f = tan (579>
e Even/Odd Identities (5.1)
sin (—0) = —sinf cos (—0) = cos b tan (—0) = —tané
csc (—0) = —csch sec (—0) = secl cot (—f) = —cot 6

e The Cosine of a Difference Identity Derivation (5.3)
To get the cosine of a difference, let’s draw a diagram involving the unit circle and see what we can learn.

The angle u leads to a point A(cosu,sinu) on the unit circle.

The angle v leads to a point B(cosv,sinv) on the unit circle.

The angle § = u — v is the angle between the the terminal sides of v and wv.
The dotted line connects the points A and B.

y

‘e

C(cos @, sm 8)

B(cos v, #1n V)

3 A(cos 1, gin 1)

We can rotate the geometry of this picture so that the angle # is in standard position.

The dashed lines are the same length in both pictures. Therefore, we can use the distance between two points
formula

d=+/(r1 —22)2 + (y1 — y2)*> (see page 16)

and we can write:

V/(cosu — cosv)2 + (sinu — sinv)2 = y/(cos§ — 1)2 + (sinf — 0)2
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Now all we have to do is simplify this expression! Remember, § = u—wv, so we want to solve this for cos § = cos(u—wv).

(\/(COSU —cosv)? + (sinu — Sinv)2)2

(cosu — cosv)? + (sinu — sin )

2

(cos? u 4 cos? v — 2 cosu cosv) + (sin® u + sin? v — 2sin usin v)

(cos? u 4 sin® u) — 2 cosu cos v 4 (cos® v + sin? v) — 2sinusinv

We have arrived at the trig identity cos(u — v) = cosucosv + sinusinv .

The Cosine of a Sum Identity (5.3) cos(u + v) = cosucosv — sinusinwv .

(1) —2cosucosv + (1) — 2sinusinv

2 —2cosucosv — 2sinusinv

2 —2cosucosv — 2sinusinv

—2cosucosv — 2sinusinv

+ cosu cos v + sinu sinv

cos @ = cos(u — v)

V/(cosf —1)2 + (sinf — 0)2)?
cos — 1)? + (sin — 0)?
c0320+1720050)+5m 0
cos® 0 +sin? 0) + 1 — 2cos b)
(1)+1—2coséb

2 —2cost

2 —2cosd

—2cosf

+cosf

(
(
(
(

COSUCOSV + sinusin v

The Sine of a Sum/Difference Identities (5.3) sin(u + v) = sinwucosv + cosusinv .

The Tangent of a Difference or Sum Identities (5.3) tan(u £ v) =

Double Angle Identities (5.4)

sin(u + v)

sinwu cosv £ cosusin v

cos(u£v)

cosucosv Fsinusinv

The double angle identities are found from letting v = v in the sum identities.

cos(u+v) = cosucosv — sinusinv
cos(2u) = cos(u+u) = cosucosu — sinusinu
= cos’u —sinu
= cos®u — (1 — cos®u)
= 2cos’u—1
= 2(1 —sinu) -1
= 1-2sin’u
sin(u+v) = sinwucosv+ cosusinv
sin(2u) = sin(u +v) = sinucosu + cosusinu
= 2sinucosu
fan(2u) = sin(2u) _ 2sinucc?su
cos(2u) cos? u — sin? u

2sinucosu

(1)

cos2u — sin? u

1
2sinu cos u cos? u

cos?u — sin’u 1
cos? u

sinw
cosu
sin? u
cos2 u

cos? u
cos2 u

2tanu

1 — tan?u
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e Power Reducing Identities (5.4)

The power reducing identities are found by rearranging the double angle identities.

cos(2u) = 2cos?u—1
9 14 cos2u
cos“uy = ——
2
cos(2u) = 1—2sinu
. 9 1 —cos2u
sin“uy = ———
2
. 2 1—cos?2
tan y — szu _ (1+C552u)
COS 2Uu
cos?u (Ldegs2u)
1—cos?2
_ (=) <2)
~  [1fcos2
( cgs u) 2
1 —cos2u
~ 1+cos2u

e Half Angle Identities (5.4)

The half angle identities are found from the power reducing identities. They have an inherent ambiguity in the sign
of the square root, and this ambiguity can only be removed by checking which quadrant «/2 lies in on a case-by-case

basis.
9 14 cos2u
cos‘y = ——
2
1
cos?(u/2) = w
1
cos(u/2) = i\/@
. 9 1 —cos2u
sinfy = ——
2
1—
sin?(u/2) = ST
2
. 1—cosu
sin(u/2) = =+ —
tany  — 1 —cos2u
T 14cos2u
1—cosu
tan®(u/2) = ————
an”(u/2) 1+ cosu
1—cosu
t 2) = £y —
an(u/2) 1+ cosu

For the half angle tangent identities, we can write two additional identities that do not have the ambiguity of the
sign of the square root since the sinz and tan(x/2) are both negative in the same intervals.

1_ q
" cosu
1+ cosu

_ i\/(l —cosu)(1 — cosu)

(1+ cosu)(1 — cosu)

tan(u/2)
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(1 —cosu)?

= :l: _—
(1 —cos?u)
(I—-cosu)® 1—cosu
frng :l: 2 frnd -
sin” u sinu
tan(u/2) 1 —cosu 14 cosu
an(u = :
sinu 14 cosu

(1 —cosu)(1+ cosu)

sinu(1 + cosu)

1 —cos?u sin’ u sinu

sinu(l+cosu)  sinu(l + cosu) " 1+ cosu

e Proving trig identities (5.2)

Proof strategies:

— The proof begins with the expression on one side of the identity.
— The proof ends with the expression on the other side of the identity.

— The proof in between consists of showing in sequence a series of expressions, each one easily seen to be equivalent
to its preceding expression.

— Begin with the more complicated expression and work towards the less complicated expression.

— If no other move presents itself as a good choice, convert the entire expression to one involving only sines and
cosines.

— Combine function by obtaining a common denominator.

— Factor functions.

— Use difference of squares (a + b)(a — b) = a®> — b? (in either direction) to set up use of Pythagorean identities.
— Keep in my mind you final destination, and choose steps that bring you closer to the final form you seek.

— Work from both sides and see if you can meet in the middle.

e The Law of Sines (5.5)

There are two possibilities for the shape of the triangle created with interior angles A, B, C' and sides of length a, b, c.
The sides are labelled opposite their corresponding angles. The perpendicular height is labelled A in both cases.
c C

a
b h b a|h
A A
c B c B
From either of the diagrams above, we have sin A = 7
h
Also, from the diagram on the left, we have sin B = —.
a
h
Also, from the diagram on the right, we have sin(r — B) = —.
a
sin(fu —v) = sinwucosv — cosusinv
sin(m — B) = sinmcosB —cos7sin B

= (0)cosB — (—1)sin B

h
sinB = —
a
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Therefore, for both triangles we have

h=bsinA = asinB
sinA  sinB
a - b

You could do exactly the same thing where you drop the perpendicular to the other two sides.
sinA  sinB  sinC

This leads to the Law of Sines:
a b c

e Law of Cosines (5.6)

The law of cosines is a generalization of the Pythagorean theorem. It can be derived in a manner similar to how we
derived the identity for cos(u — v).

Clxy)

bf iy

L 4 X
A(0,0) B(c,0)

The coordinates of the point C' satisfy: cos A = % and sind = %
Therefore, x = bcos A and y = bsin A. Using the distance formula, we can write

@ = V- (-0

2 _ (l‘—C)Q-‘f-yQ

a
a®> = (bcosA—c)* + (bsin A)?

a®> = b?cos® A+ c® —2bccos A+ b*sin® A
a?> = b*(cos® A+sin® A) + c2 — 2bccos A
a> = bV*(1)+c* —2bccos A

a’ b2 + ¢? — 2bccos A

Using a similar tecgnique, you can prove the other law of cosines results.

A ) B
a® =b% 4+ — 2bccos A
b? = a? + ® — 2accos B
? =a%+b%—2abcosC



