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1101 Calculus I 3.4 The Chain Rule

Consider y = vx2 + 1. How would you differentiate it? We can’t use any of the current rules.
However, we can rewrite the function using composition: y = (f o g)(z) = f(g(x)) where f(z) = /z, and g(z) = 2% + 1.
We can use our current rules to find the derivatives of f and g!

What we need, and the chain rule provides, is a way of finding the derivative of the composition of functions.

Motivation of the Chain Rule

There is a proof in the text, I would rather we looked at a motivation and see why the motivation isn’t actually a proof.
Given y(z) = f(g(x)), what is y/(x)?

, o . Ay
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Notice that y and g depend on z, but f really depends on g, so we need two schematics:
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From these schematics, we see that as Ax — 0, we have
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So, if x is changed to = + Ax, y becomes y + Ay and f becomes f + Af.
So y = f (suppressing all the functional dependence for the moment) becomes y + Ay = f + Af.
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y+Ay=f+Af
Ay=f+Af -y

Ay=f+AfA

Ay = Af which isn’t surprising if you think about it
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Now, the left hand side is just %', but the right hand side is not f’! Remember, f depended on g. The right hand side
would be f’ if we had f(z) instead of f(g(z)).

It might seem like we could do the following:

y = lim Af
Az—0 Az

Af Ag
Avso Ag Ax
lim H lim ﬁ
Axz—0 Ag Az—0 Ax
lim ﬂ lim &
Ag—0 Ag Az—0 Az

— f/g/
which actually is the chain rule! But there is a subtle problem in the relationship between Az and Ag. As Az goes to zero
we do have Ag going to zero, but it could be that Ag = 0 when Az # 0 (this could happen if g is not one-to-one). This is

what breaks this “proof” (which is why I called it a motivation instead of a proof). If Ag was equal to zero only when Az
was equal to zero, this would be a proof.

When we proved the product rule and quotient rule (and others) using this technique, we always works with one schematic
with 2 on the horizontal axis, so we didn’t run into this problem. Those were proofs.

If you want to see the correct proof of the chain rule, it is in the text. I will not ask you to reproduce a proof of the chain
rule on tests.

Remember that in the prime notation for derivative, the prime means derivative with respect to the independent
variable:

Fa) = o 7a)
£/w) = 2o f(w)
7/0) = 2 (h)

(o) = d%f(D) where O can be anything

What the Chain Rule Does

d
If y = f(x), the derivative of y is ¢/ = CTy
T
. . - . o Cdy dydu
Chain Rule using Leibniz notation: If y = f(u) and v = g(z), the derivative of y' = =
T w dx

The text shows a way of thinking of the chain rule in terms of “inner” and “outer” functions.
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I think the Leibniz notation is the easiest to understand. It expresses the chain rule by simply inserting the number one
in the notation:

dy _dydj

dr ~ dudz

and it allows one to easily create longer chains:
If y = f(g(h(z))) decompose as:
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and the chain rule now has two links in the chain:

dy  dy dudw

dr  dudw dz

Example Given y = vx? + 1, find 3/.

Decompose the function:

y=+u=u'"?

u=1a>+1
Find the derivative using the chain rule:

y’=@
dx
_ dydu

= i ds the chain rule

d d

= @[ulﬂ]%[af + 1] sub in the quantities
1

=( m)(%) take the derivative

— % back substitute and simplify
x2+1

Example If y = sin(2?), find ¢/'.

Decompose:
y =sinu
u = z>

Find the derivative using the chain rule:

,_dy
dx

_dydu

T dudzx

Y

= @[sin u]%[ﬁ]
= (cosu)(2x)
= (cos(x?))(2z)

= 2z cos(x?)
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Example If y = sin” z, find /.

Decompose:
y =u’
u = sinx

Find the derivative using the chain rule:

’ dy
L
_dydu
" dudx
= %[uz]%[sin x]
= (2u)(cos x)

= 2sinxcosx

Example y = ¢, y/ = 2z¢®".

Decompose:
y=e"
u =z’

Apply chain rule:

dy _ dydu
dz ~  dudx
_ d u d 2
= S letlo 1]

= (e")(2z) = 2ze”

d
Example Use Chain Rule to show why d—ax =a"Ina.
x

a® = (elna)x — e(lna)x — eu’ U= (ln a)x
d d d d
ﬁcﬂ = %e“ = %[e"]ﬁ =e“Ina=a"lna

Example y = tan(cos(x?)), find dy/dx.

Decompose:
y =tanu
U = cosw
w = x?

Apply chain rule:

dy _ dydud
der ~  dudw dzx
d

B d d . 5
= @[tanu]%[cosw]%[x]

= [sec? u][— sinw][27]

= —2zsec’(cosz?)sin(x?)
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Example y = cos(Ve***2), find dy/dz.

Decompose:
Y = Ccosu
u=+v=0"?
v=ce"
w=x%+2

Apply chain rule:

dy
dx

Sometimes you don’t want to do the full decomposition at the start.

_ dydudvd
n dudvdwdw

_ d 1/2 d w d

- d [COSU]dU[ ]dw[e ]dl'[x +2}

= () (77 () (22)

_ ( _ sin( eg;urz)) ((ew2+2)—1/2) (€z2+2) (x)

= —zVer F2sin(Ver’+2)

Example If y = sin(2? + e‘”s), find v/.

Decompose:

y =sinu

3
u=a>+¢"

We can take the derivative of 22 with respect to z, but not ez’

!

= (cosu)(2x + i[ D

dy
dz
dy du
" dudx
d
= — [sinu] dx[ 2y 6I3]

3

dzx

Do the final derivative as an aside:

%[emg] = %[e“’], w = x> decompose
= %[ew]ﬁ this step is the chain rule
= (e“’) (31‘2) evaluate the two derivatives
= 322¢™" backsubstitute and simplify
Finally,
Y = (cosu)(2x + 322" )

=2z + szemg) cos(z? + e”B)

(we need another chain rule for it).
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Once you get some practice, you will be able to do the decompositions on the fly in your head. But explicitly include them
as long as they help you get the correct answer. Remember, if you show less work and your answer is incorrect you get
less partial credit!

Here is an example with most of the work done in my head, and not explicitly shown. If it is confusing to you, redo the
example and include more steps.

2
1
Example If y = i
¢

—, fi .
os(z3 — 1)’ ndy

, d[mZ—i—l}
Y

T dr cos(z3 — 1)
cos(z® — 1)(2x) — (2% + 1)(—sin(z® — 1)(32?))
cos?(z3 — 1)
2z cos(x® — 1) + 322(2? + 1) sin(a® — 1)
cos?(x3 — 1)




