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Example Find the Taylor series of f(z) = e~ about 2 = 0.
The center of our Taylor series will be a = 0. This means it could be called a MacLaurin series.

Let’s construct a table which will give us the derivatives, and enable us to calculate f(™ (a). We will want
the general form, so we should try and write things in ways in which the pattern becomes evident.

n| JO@) | @) = £90)
0 e ® 1

1 —e~ 7 -1

2 +e 7 +1

3 —e -1

n| (=1)"e" Gk

So we can see that the general form is f(")(0) = (—1)", since if we take an even derivative we get a positive
number, and if we take an odd derivative the number is negative.

)
O

The Taylor series is given by

e :ZTQU :Z R |z] < R.
n=0 n=0

(-1
n!

z".

Now we want to find the radius of convergence, R. We can do this using the ratio test, where a,, =

(=1)ntigntl n!
(n+1)!  (=1)ma”
n!
(n+1)!
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= |z|-0=0<1 forall x.

So the series is absolutely convergent for all values of z, which means R = oo.

This can be checked in Mathematica using;:

flx_] = Exp[-x]
Series[f[x], {x, 0, 5}]
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Figure 1: Plots of f(x) = e~* (green) and the Taylor polynomial approximation of order 2 centered at a = 2,
2

_1)" 22
To(z) = Z ( nl') = 1fx+? (red).

n=0

Example Find the Taylor series of f(z) = e~ about x = 3.
The center of our Taylor series will be a = 3.

Let’s construct a table which will give us the derivatives, and enable us to calculate £ (a).

n| 1@ | f00) = 1)
0 e " le=3

1 —e " —le™3

2 +e™ " +1le3

3 —e " —le 3

n | (=1)"e* (—1)me3

So we can see that the general form is f(™)(3) = (—1)"e 2.

A O

n!  e3n!

Cn

The Taylor series is given by

n

> £(n) > (—
et=3" ! n'(O) (z—a)" =) (63171)' (x —3)", |z—3|<R.
: n=0 :

Now we want to find the radius of convergence, R. We can do this using the ratio test, where
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an = "3 (x —3)
n —1 n+1 _ n+1 3 !
lim Intl) _ lim (=1 (z—3) . en
n—oo | Gp n—oo 63(77, =+ 1)' (—1)”(1‘ — 3)"
n!
= 1. — _—
i Gl mory
= -3 1

= |z—3/-0=0<1 forall .

So the series is absolutely convergent for all values of z, which means R = co.

e’ = Z (e—gln)!” (x —3)", z € (—o0,00).

n=0

This can be checked in Mathematica using:

flx_]1 = Expl[-x]
Series[f[x], {x, 3, 5}]
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Figure 2: Plots of f(x) = e~* (green) and the two Taylor polynomial approximations of order 2, one centered
at a = 0 (red) and the other centered at a = 3 (blue).

Example 11.10.12 Find the Taylor series of f(z) = lnx about « = 2.
The center of our Taylor series will be a = 2.

Let’s construct a table which will give us the derivatives, and enable us to calculate £ (a).
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n ARIC)) ™ (@) = fM(2)

0 Inx In2

1 zt 1/2

2 —z7?2 —1/22

3 +2273 +2/28

4 —2.3z74 —-2.3/2*
n#0 | (=1)"(n 1)!i (—1)" T (n — 1)!i

xn 27L

So we can see that the general form is f("(2) = (=1)"*'(n — 1)!L if n # 0, and f(9(2) = In2. Since the

ton

form changes, we will have to pull the n = 0 term out of our sum.

Fm(2)

(D™ - Dl ()"

Cp = 0 =
n:

The Taylor series is given by

o0
Inz = 1n2—|—z
n=1

Fm(2)

n!

n! n

o (1)
n=1

)

n#0; c¢o=1In2

n+1

Now we want to find the radius of convergence, R. We can do this using the ratio test, where a,, =

(71)n+1 n
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So the series is absolutely convergent for |z — 2| < 2 which means R = 2.

Inz = ln2+i
n=1

(_1)n+1 n

This can be checked in Mathematica using;:

f[x_] = Log[x]

Series[f[x], {x, O,

5}]
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Figure 3: Plots of f(z) = Inx (green) and the Taylor polynomial approximation of order 4 centered at a = 2,

4 _1\n+1
Ti(z) =2+ ) %(I —2)" (red).

Example 11.11.2 Find the Taylor series of f(z) = 1/(1 + z)* about z = 0.
The center of our Taylor series will be a = 0.

Let’s construct a table which will give us the derivatives, and enable us to calculate £ (a).

n f () f"(a) = f™(0)
0 (1+az)™1 1
1 —4(1+ )75 —4
2 4-5(1+x)7" +4-5
3 —4-5-6(1+a2)7 —4.5-6
4 4-5-6-7(1+x)78 +4-5-6-7
1 : !
n | gy | (0D
!
So we can see that the general form is f() 0)=(-1" (n Z 3)'.
o = FTO) DN D 2) (04 3)
"ol n! N 6 ’
The Taylor series is given by
1 = f(™(0) > (n+1)(n+2)(n+3)
_ n _ -1 n n .
a2 o =2 G o el <R

Now we want to find the radius of convergence, R. We can do this using the ratio test, where
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SN+ +3)

an = (—1) :
im |~ '(—1)”*1(71—1—2)(n+3)(n+4)x"+1 ' 6
= fof lim |29
n—oo (n—%l)
| tim ‘(1+4/n)
T /)
= el g =l <1

So the series is absolutely convergent for || < 1 which means R = 1.

1 —, o+ D)n+2)(n+3) ,
>(-1) G ",

|z| < 1.

flx_ 1 =1/(1+x)"4
Series[f[x], {x, 0, 5}]
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Figure 4: Plots of f(z) = 1/(1+ x)* (green) and the Taylor polynomial approximation centered at a = 0 of
order 2 (red), and 100 (blue).



