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• The final exam will include two parts, Part A (10 marks) will be several True/False or Multiple Choice and
Part B (140 marks) will be long answer in which you will choose 7 questions to answer from a list of 9.
• You will have 120 minutes to complete the final exam.
• Use the Study Guide, Assignments, Examples in Text, and WeBWorK to assist with your review.
• I will not be asking you to determine patterns in series solutions (it takes too long).

You will be provided with at least the following information on the final exam:

Laplace transform: F (s) = L[f(t)] =

∫ ∞
0

e−stf(t) dt.

Step function: uc(t) =

{
0 t < c
1 t ≥ c If f is periodic with period T , then L[f(t)] =

∫ T

0
e−stf(t) dt

1− e−sT

Dirac Delta function: δ(t− t0) = 0 if t 6= t0,

∫ ∞
−∞

δ(t− t0)f(t) dt = f(t0)

f(t) = L−1[F (s)] F (s) = L[f(t)]

1. 1
1

s
, s > 0

2. eat
1

s− a
, s > a

3. tn, n = positive integer
n!

sn+1
, s > 0

4. tp, p > −1
Γ(p+ 1)

sp+1
, s > 0

5. sin at
a

s2 + a2
, s > 0

6. cos at
s

s2 + a2
, s > 0

7. sinh at
a

s2 − a2
, s > |a|

8. cosh at
s

s2 − a2
, s > |a|

9. eat sin bt
b

(s− a)2 + b2
, s > a

10. eat cos bt
s− a

(s− a)2 + b2
, s > a

11. tneat, n = positive integer
n!

(s− a)n+1
, s > a

12. uc(t)
e−cs

s
, s > 0

13. uc(t)f(t− c) e−csF (s)

14. ectf(t) F (s− c)

15. f(ct)
1

c
F
(s
c

)
, c > 0

17. δ(t− c) e−cs

18. f (n)(t) snF (s)− sn−1f(0)− · · · − f (n−1)(0)

18a. f ′(t) sF (s)− f(0)

18b. f ′′(t) s2F (s)− sf(0)− f ′(0)

19. (−t)nf(t) F (n)(s)
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Problem 1. Answer as True or False:

The function f(x) = (1 + x)−1 is analytic at x0 = −1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . T F

A series which converges for |x− x0| < ρ can be differentiated term by term,

d

dx

∞∑
n=0

an(x− x0)n =

∞∑
n=0

an
d

dx
(x− x0)n =

∞∑
n=1

nan(x− x0)n−1

for all x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . T F

The differential equation y′′ − 2xy = 0 has two solutions of the form y =
∑∞

n=0 anx
n which converge for |x| < ∞

T F

The differential equation 2x2y′′ + 3xy′ − y = 0 has the solution y = c1x
1/2 + c2x

−1 . . . . . . . . . . . . . . . . . . . . . . . . T F

The differential equation (x+ 1)y′′ − 2y = 0 has two solutions of the form

y =
∞∑
n=0

an(x− 1)n

which converge for |x− 1| < 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . T F

For δ(t) the the Dirac delta function,

∫ ∞
−∞

δ(t− π/3) sin t dt =

√
3

2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . T F

For uc(t) the Heaviside step function, u5(t)− u20(t) =

{
1, 5 ≤ t < 20

0, −∞ < t < 5 and t ≥ 20
. . . . . . . . . . . . . . . . . . . . T F

Problem 2.

(a) Find a general solution of the differential equation 2x2y′′ + 3xy′ − y = 0, x > 0.

(b) Explain why the differential equation (x+ 1)y′′ − 2y = 0 has

(i) two solutions of the form y =
∑∞

n=0 an(x− 1)n,

(ii) the solutions will have a minimum radius of convergence of ρ = 2.

NOTE: you should not have to solve for the series to answer this question.

Problem 3. Determine the recurrence relation for the series solution about the ordinary point x0 = 1 of the
differential equation y′′ − xy = 0. You do not have to find the series solutions, nor discuss convergence.

Problem 4. Determine the first four terms in the fundamental set of solutions for series solution to the DE about
the regular singular point x0 = 0.

2x2y′′ − xy′ + (1 + x)y = 0



Differential Equations: Final Exam Practice Questions Page 3 of 4

Problem 5. Explain what is required for a function f(x) to be analytic at x0. With reference to the differential
equation

P (x)y′′ +Q(x)y′ +R(x)y = 0,

explain what ordinary, regular singular, and irregular singular points are.

Problem 6. Find the solution of the initial value problem

2x2y′′ + 3xy′ − y = 0, y(1) = 0, y′(1) = 1, x > 0.

Problem 7. Explain why the differential equation (x2 − x + 1)y′′ + y = 0 has two solutions of the form y =
∞∑
n=0

an(x+ 1)n each with a minimum radius of convergence of ρ =
√

3.

NOTE: you should not have to solve for the series to answer this question.

Problem 8. Find the solution of the boundary value problem

x2y′′ + 3xy′ − y = x2, y(1) = 0, y(e) = 0, x > 0.

Problem 9. Determine the Laplace transform of f(t) = sin at from the definition of the Laplace transform.

Problem 10. Using Laplace transforms, determine the solution to the initial value problem

y′′ + 4y = sin t+ uπ(t) sin(t− π), y(0) = 0, y′(0) = 0.

Hint: The partial fraction expansion you need will have the form
1

(s2 + 1)(s2 + 4)
=

A

s2 + 1
+

B

s2 + 4
.

Problem 11. For the 2× 2 system x′ = Ax, discuss (include sketches) the classification and stability of the point
x = 0 based on the eigenvalues of the matrix A. Which situation models a physical system which has the property
of conservation of energy?

Problem 12. Consider the nonlinear system:

x′ = 2x+ y2,

y′ = 3y − x.

Find the equilibrium point (x0, y0) that is not the origin. Linearize about (x0, y0) and then classify the behaviour
of the solution around the point. Using the eigenvectors for the locally linear approximation, accurately sketch the
behaviour of the solution to the nonlinear system around the equilibrium point. Make sure to include direction of
motion in your sketch.

Problem 13. Consider the nonlinear system

dx

dt
= x− xy

dy

dt
= y + 2xy

• Determine the critical points of the system.
• Determine a solution of the form H(x, y) = c.
• Determine the value of c for the solution that passes through one of the equilibrium points you found.

Problem 14. Determine the first 4 nonzero terms in the fundamental set of solutions using series solution about
x = 0 to the DE

y′′ − xy = 0.
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Problem 15. Consider the system x′ = Ax, where x =

(
x1(t)
x2(t)

)
and A is a 2 × 2 matrix. Below are four

direction fields associated with four different matrices A.

(a) Sketch a solution curve in the x1x2-plane for each case. Classify the point x = 0 as either stable or unstable.

(b) Explain what you know about the eigenvalues for the matrix A in each case.
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