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Section 2.1

Example (2.1.7) Draw a direction field for the differential equation:

dy 42
— 4+ 2ty = 2t .
ar o=t

Based on the direction field, describe how the solutions behave for large values of t. Find the general solution of the given
differential equation, and use it to determine how solutions behave as — oco.

The direction field analysis is contained in the Mathematica file.
To solve

dy

AUy = et
dt+ Y e

we can use the integrating factor method. Multiply by a function p = u(t):

dy

—_— t2
Hat ’

+ 2uty = p2te”

Now, we want the following to be true:

d

a[,uy] = uy +p'y (by the product rule) (1)

= uy +2uty (the left hand side of our equation) (2)
Comparing Egs. (1) and (2), we arrive at the differential equation that the integrating factor must solve:
2ut = .

This differential equation is separable, so the solution is

dp
ut = —-
a dt
d
otdt = &
1
d
/Qtdt - [
1
t? = In|p| + ¢
t2 ¢
ehe” = |y
no= chtZ, where ¢y = +e= 4

Therefore, the original differential equation becomes

u% touty = p2te
czet2 % + 2026t2ty = czet2 2te_t2
et % + 2et2ty = 2t
% [eﬁy} = 2t



Differential Equations Homework: Integrating Factor Page 2

t? _
dle y| = 2tdt
t? _
dlet yl = 2t dt
et2 = 2+ c3
yt) = et 4 cge

Notice how important it is that we insert the constant of integration properly into our solution!

Now, for the large t limit, we have

lim y(t) = lim 2™ 4 eget =0

t—o0

since the exponential decay term will dominate the ¢2 part.
Example (2.1.18) Find the solution to the initial value problem ty’ + 2y = sint, y(7/2) = 1.

To solve
ty' + 2y = sint

we can use the integrating factor method. We want the coefficient in front of the 3y’ to be 1, so divide through by ¢ before
multiplying by a function p = pu(t):

2
wy' + ﬁy _H sint.
t t
Now, we want the following to be true:

d
a[,uy] = uy +p'y (by the product rule) (3)

2
= py'+ %y (the left hand side of our equation) (4)

Comparing Egs. (3) and (4), we arrive at the differential equation that the integrating factor must solve:

This differential equation is separable, so the solution is

2p dp
t o dt

2 d

o =

t 1

2 d

/fdt = [

13 H
2Inft] = In|y|+a
In|t?] = Inlul+a

el = |yl

nwo= 62t2, where ¢y = +e~ 4
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Therefore, the original differential equation becomes

2
py' + ?My = % sint
2cot? t?
cot?y’ + e y = 2% sint
t t
t?y + 2ty = tsint
d
T [t2y] = tsint
d[t’y] = tsintdt

/d[to] = /tsintdt
t?y = /tsintdt

This remaining integral can be done using parts:
Let u =t,dv =sint dt, so du = dt,v = — cost.

/tsintdt /udv
= uvf/vdu

= t(—cost) — /(— cost) dt

= —tcost+sint+ c3

Substituting back, we find

2y = /tsintdt

t?y = —tcost+sint+ c3
_ cost+sint+03
YT Ty T TR

Now we can use the initial condition to determine the constant cs:

) =1 — _cosm/2  sinm/2 3
ylr/2) =1 @2) w2 (2
- 1 C3
b= Y G T e
(1/2)? = 1+4c¢3

,].(.2
C3 = Z — ].

The solution to the initial value problem is

cost sint w2 1

=y oy
y() i e T e

The solution is valid for ¢ > 0.
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Example (2.1.28) Consider the initial value problem y' + 2y/3 =1 —t/2, y(0) = yo. Find the value of yy for which the
solution solution touches, but does not cross, the t-axis.

To solve

2 t
/

Zy=1-2
Y 3y 9

we can use the integrating factor method. Multiply by a function p = wu(t):

2u ut
/ =
Ky + 3Y=HET S

Now, we want the following to be true:

d
£[uy] = wy +u'y (by the product rule) (5)
2
= uy + ?My (the left hand side of our equation) (6)

Comparing Egs. (5) and (6), we arrive at the differential equation that the integrating factor must solve:

This differential equation is separable, so the solution is

W
3 dt
2 d
Sat = £
I
2 d
/ Sat = [
3 Iz
2t n ] +
— = In c
3 2 1
e ¢t 6216/3 _ ‘,u/|
wo= 026275/37 where ¢y = +e™ 4

Therefore, the original differential equation becomes

2u ut
WSy = ey
90 e2t/3 2t/3¢
coe?/3y + 7622 y = cpe?t/3 - 76262
th/gy, 4 Qezt/3y _ s 62;/3t
d T a3 } 2t/3 t
- 1— =
7l = (i3
d [th/?’y} = /3 <1 — ;) dt

/d[e2t/3y _ /6215/3 (1 ;) dt
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. t
e2t/3y = /62t/3 (12) dt

3 1
— Sp2t/3 _ 5/62t/3t dt

2

This remaining integral can be done using parts:
Let u = t,dv = e*/3 dt, so du = dt,v = 3e2/3.

/eZt/gtdt = /udv
= uv—/vdu

3 oi/3 7/ 3 213
t(26 ) (26 ) dt

3t 5,5 9
562t/3 _ Z6215/3 +es

Substituting back, we find

3 1
€2t/3y = 562t/3 — §/€2t/3t dt
1 t
_ 3 3t 9 3 gy
v= 5731 tg 2
21 3t
y = T cae 23, where ¢4 = c3/2

Now we can use the initial condition to determine the constant cs:

21

y(0) =y = 3 G
21

Cqy = g—yo

The solution to the initial value problem is

If this touches, but does not cross the t-axis, then the tangent line must be horizontal. Assume this happens at a point #.
Then we have:

y(F) = 0 and y/(7) = 0.

We can solve these two equations for the two unknowns ¢ and .

21 3t 21 of
y<ﬂ:0:8_4_<8_y0>6 2/3
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These equations must be solved numerically. Using Mathematica, you can solve the second equation for ¢ in terms of yg,
then substitute into the first equation and solve for yy. You should find:

Yo = f% (4 " 364/3) ~ —1.64288.

See the Mathematica file for the computational details.



