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2401 Differential Equations Section 3.6 Nonhomogeneous Equations Unde-
termined Coefficients

We can now solve any homogeneous second order linear differential equation with constant coefficients.
Now we look at nonhomogeneous equations.

The nonhomogeneous equation with variable coefficients is

Lyl = y" +pt)y' + q(t)y = g(t),

where p, g, g are continuous on I.

The associated homogeneous equation corresponding to the nonhomoegeous equation is

Lyl = y" + p(t)y’ +q(t)y = 0.

The following theorems provide the basis for solving the nonhomogeneous general solution.
Theorem. 3.6.1 If Y7 and Y5 are two solutions of the nonhomogeneous equation
Lly)(t) =" +p(t)y" + a(t)y = g(t),
then their difference is a solution of the corresponding homogeneous equation
Llyl(t) = 0.
If, in addition, y1 and yo are a fundamental set of solutions of the homogeneous equation, then
Yi(t) = Ya(t) = c191(t) + coya(t)

where ¢1 and co are constants.

The proof can be obtained by subtracting the two equations L[Y7](¢t) and L[Y2](t). The second statement is possible
since y; and yo are a fundamental set of solutions, and any function which satisfies the DE can be expressed as a linear
combination of a fundamental set of solutions. O

Theorem. 3.6.2 The general solution of the nonhomogeneous equation can be written in the form

y=9¢(t) = c1y1(t) + cay2(t) + Y (2),

where y1 and yo are a fundamental set of solutions of the corresponding homogeneous equation, c¢; and co are arbitrary
constants, and Y is some specific solution of the nonhomogeneous equation.

The Process to solve second order nonhomogeneous equations:

1. Find the general solution of the corresponding homogeneous equation. This solution is called the complementary
solution, and is denoted y.(t) = c1y1 () + caya(t).

2. Find some singular solution Y (¢) of the nonhomogeneous equation. This is called the particular solution, and is
denoted y,(t) =Y (¢).

3. The general solution to the nonhomogeneous equation is given by y(t) = y.(t) + yp(t).
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For homogeneous constant coefficient differential equations, we know how to determine the general solution. So we can
find y.(t) for equations of the form

ay” 4+ by' + cy = g(t).

To get the particular solution y,(t), we will use one of two methods (there are others): Undetermined Coefficients, or
Variation of Parameters.

Undetermined Coefficients

We assume that the particular solution we seek has a certain form, but with coefficients left unspecified. We substitute
this assumed solution into the DE and attempt to determine the coefficients so as to satisfy the equation.

If we cannot determine the coefficients, this means there is no solution of the form we assumed. We can therefore assume
another form of the solution and try again.

Pros: Easy to implement. Cons: Equation must be simple enough that you can virtually guess the solution before hand.

This is therefore used for cases where the associated homogeneous equation has constant coefficients and the nonhomoge-
neous term is from a particular set of functions (polynomials, exponentials, sines, cosines).

This may seem a drastic limitation, but many physical systems are modeled by such differential equations.
Example Find the general solution of the DE y” 4+ 2y’ +y = 2¢e~*.

First, we solve the associated homogeneous equation:

y//+2y/+y20.

Assume y = e"*

Substitute into the DE: 72e™ + 2re™ 4 €™ = 0

Characteristic equation: 2 4+ 2r +1 = (r + 1)2 = 0.

The characteristic equation has a root r = —1 of multiplicity 2.
The complementary solution is therefore y.(t) = cie™t + cate™".

Let’s assume a particular solution to the nonhomogeneous equation exists which looks like the function g(t).

Assume Y (t) = Ae™! and we want to determine A. Note that A is a constant!
Substitute into the DE: Y (t) = AE~!, Y'(t) = —AE~', Y"(t) = AE™",

Ae ' +2(—Ae™) + Aet = 2¢e77
0 = 2°

The method has failed! If our assumed solution was a solution, we could determine A so that the solution satisfied the
nonhomogeneous equation. We can’t do this. The method actually hasn’t failed, what has happened is that we chose a
form for the particular solution which is not a solution to the nonhomogeneous equation.

The problem is simple: our assumed solution is a solution of the homogeneous DE. Therefore, it cannot be a solution to
the nonhomogeneous equation.

When you are using the method of undetermined coefficients, you must make sure that the assumed solution to the
nonhomogeneous equation is not a solution of the associated homogeneous equation.
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Another function which, when differentiated, has e~¢

reason.

in the derivative is

Y(t) =

Ate™t

—which will also fail for the above

If we assume that our solution looks like Y () = At?e~*, we no longer have something that appears in the complementary

solution.
Differentiate and substitute:
y// + 2y/ +y _
(2Ae™" — 4Ate™ + At?e™!) + 2(2Ate™" — At?e™t) + (At?e™h) =

24e7t =

—)A:

The particular solution to the nonhomogeneous DE is y,(t) = t?e~*.
The general solution is y(t) = y.(t) + y,(t) = cre™" + cate™ + t?e 7.

e Summary of how to use undetermined coefficients:

o If g(t

o If g(t

, assume the particular solution is proportional to eft.

2¢t

sin Ot, cos Ot, assume the particular solution is proportional to a linear combination of sin 8t and cos 5t.

e If g(t) is a product of the above forms, assume the particular solution is the corresponding product.

(
(
o If g(t
(
(

) =
) =
) is a polynomial, than assume the particular solution is a polynomial of like degree.
)
)

e If g(t) has more than one term, split the DE up and solve for a particular solution for each term individually.

When you have written down your assumed particular solution Y (¢), check to see if it has any overlap with the comple-
mentary solution y.(t). If it does, that part will satisfy the homogeneous DE and not the nonhomogeneous DE. Multiply

that part of Y(¢) by ¢ and check again.

Example (Mathematica online) Find the solution to the IVP 8y” + 8y’ + 2y = e~ 2t + t cos(2t), y(0) = 0 and y'(0) = 0.

Solve the homogeneous DE first: 8y + 8y’ + 2y = 0.

Linear, constant coefficient = assume y = e™. 3/ = re’, 3" = r2e™.

Substitute into the homogeneous DE to get the characteristic equation:

8 +8r+2r =0
4% +4r +1=0
(2r 4+ 1)% = 0 factor, or use the quadratic formula

r1 = —1/2 of multiplicity 2

rt —t/2

A fundamental set of solutions is y; = e~ "t = e~t/2, yp = te" = te

The complementary solution is y.(t) = cie~%? + cote /2.

Since the g(t) = e~2' + tcos(2t) is made up of an exponential, cosine, and polynomial, use undetermined coefficients to

get a particular solution.
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Based on the form of g(t), assume

Y (t) =A1e 2 4 (Agt + As)(Agcos(2t) + Assin(2t))  (uses the rules for each type of function)
Y (t) =Aje ' 4+ A3 Ay cos(2t) + Ay Ayt cos(2t) + Az As sin(2t) + Ay Astsin(2t) (multiply out)
Y (t) =Bie%' 4 By cos(2t) + Bst cos(2t) + By sin(2t) + Bstsin(2t) (define new constants)
The important thing here is that you can identify the different (linearly independent) functions that appear in the assumed

solution. You should have a single constant in front of each. The five different functions we have in this case are e=2¢,
cos(2t), tcos(2t), sin(2t), ¢ sin(2t).

Is there any overlap with y.? No. That means this Y (¢) will be a solution to the nonhomogeneous DE. If there was an
overlap we would only multiply the terms that overlap by ¢, not the entire Y'(¢).

Our goal is to figure out the values of the constants B. Use Mathematica to differentiate this and substitute into the
nonhomogeneous DE. The result is

67275(].—1831)+(3032—833—1634—32B5+30B3t—1635t+t) COS(2t)+(1632+32Bg+3OB4—SB5+16.Bgt+3OB5t) sin(2t) =0

We want this to be true no matter what the value of ¢ is. This happens if the coefficients of the different functions of ¢
that appear are set to zero.

et: 1-18B; =0
(t): 30By —8B; — 168y — 32B5 = 0
tcos(wt): 14 30Bs —16B5 =0
(nt): 16Bs +32B; + 30B, — 8B5 = 0
): 1685 +30B5 =0

Note how the B; stands alone, and By—Bs group together to give a set of 4 equations in 4 unknowns. This is because the
g(t) had two terms in it that we are treating all at the same time.

You can solve these equations using Cramer’s rule or Mathematica.
1 4 1 104 4
B 9 B > Y B

B:— = — = - — g e —
V718 T2 4013 B 4 > 7 289

578 4913

So a particular solution is known, and the general solution to the nonhomogeneous DE is given by

1 1 104 4
y(t) = ye +yp = cre”?  cote % 4 Ee_% + TR cos(2t) — —tcos(2t) + 190 sin(2t) + @t sin(2t)

Now that we have the general solution, we can use the initial conditions to determine the values of ¢; and co. Again, we
can use Cramer’s rule to do this by hand, or Mathematica to do the work for us.

We need to solve the two equations

6605
y(0)=0=gem T
8377 ¢
/ _— —_— e — o —
v(0)=0=-ggi 3 T
which has the solution
. _ 6605 . _ 199
1T 788434 27 3468°

The solution to the IVP is

6605 199 1
= — —t/2 to—t/2 4 o2t
vt = ~ou31° 3168 T 18¢ T T o3

4
sin(2t) + ~—tsin(2t).

15 104
cos(2t) — —tcos(2t) + 589

4913
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Example (on handout) Find the general solution of the DE v” + w3u = cos(wt), where w? # w?.

First, solve the associated homogeneous equation u” + wiu = 0.
Assume u = e".

Substitute into the DE: r2e" + w2e™ = 0.

Characteristic equation: r? + w2 = 0.

Roots of the characteristic equation are complex: r = +wy = A £ p.
Therefore, A = 0, 4 = wy.

A fundamental set of solutions is w1 = cos wyt, us = sinwyt.

The complementary solution is therefore u.(t) = ¢1 cos wot + c2 sin wot.

Get a particular solution of the nonhomogeneous equation. Assume U(t) = A coswt + B sin wt.
Substitute into the DE:

u" +wiu = cos(wt)
(—Aw? coswt — Bw? sinwt) 4+ w3 (Acoswt + Bsinwt) = coswt
A(wE — w?) coswt + B(wi —w?)sinwt = coswt
= A —w?) =1 B(wi —w?) =0
A= 5—— ! 5 B=0
wi —w

1
The particular solution of the nonhomogeneous DE is y,(t) = —5——— cos wt.
wE —w

0

1
The general solution is y(t) = y.(t) + y,(t) = c1 coswot + ca sinwot + —5——— coswt.
wi —w

Example (on handout) Find a particular solution of the DE u” + wZu = cos(wot)e!.
First, solve the associated homogeneous equation u” + w3u = 0.

This is the same as in the previous problem.
The complementary solution is therefore u.(t) = ¢1 cos wot + c2 sin wyt.

Get a particular solution of the nonhomogeneous equation. Assume U(t) = (A coswot + Bsinwot)(Ce') = (A coswot +
Bsinwot)et. This does not have overlap with the complementary solution, so it should be a solution of the nonhomogeneous

equation.

Substitute into the DE; use Mathematica to help with derivatives. Details are online.

e' sinwot(B — 2Awg) + €' coswot(A + 2Bwy) = e’ coswot
= B*2AUJOZO A+2BUJO:1
1 2w
=— B= 702
1+ 4wg 1+ 4wg

1 2
The particular solution of the nonhomogeneous DE is y,(t) = <1+42 cos wot + TUZJQ sin wmf) el
Wy Wo



