Math 2401: Roots of Unity

Here we will outline a procedure to find the roots of unity. The calculations will get progressively more complicated. The
basic idea is to use the relation 1 = 2%

relation 4+ A = re
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Third roots of unity:

13 = (e“?“’“))l/g, k=0,1,2
= O/ L —=0,1,2
_ 60, or 61’277/3’ or e2'471'/3

= 1, or cos2m/3 4 isin2m/3, or cosdn/3 +isindn/3
V3. 1 V3

1
= 1,01'754’72,01'75772

-o.

Fourth roots of unity:
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Fifth roots of unity:
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Note that in all cases the roots are equally spaced around the unit circle.



Application to Differential Equations
Now, we can use this information to solve the differential equation
y® —y =0.

If we assume the solution is y = e"?, and substitute into the differential equation we arrive at the characteristic equation

vy -y = 0
T5ert _ ert = 0
r®—1 = 0 characteristic equation
ro= 1/

We solved this above, and saw that one root is real, and the other four roots are complex conjugates. We have

rn = 1

ry = cos27r/5+isin27r/5:%(—14-\/5)4—% %(5+\/5)
ry = cos47r/5+isin47r/5:i(flf\/g)ﬁL% %(5*\/5)
ry = c0567r/5+isin67T/5:i(*lf\/g)*% %(5*\/5)
rs = cosSw/5—|—isin87r/5:i(—l-l-\/g)—% %(5_\/5)

The complex roots lead to complex valued solutions. These can be replaced by real valued solutions.

The complex conjugate pair ro and 75 have A = (=1 ++/5), p = 31/3(5+ V5).

The complex conjugate pair r3 and 74 have A = (-1 — V), 1= 21/306 - V).

The general solution is therefore (using 27/5 and 47 /5 for notational convenience):

y(t) = cret 4 etleos2m/s) (02 cos(t(sin 27 /5)) + c3 sin(¢(sin 27r/5)))

+et(cosdn/5) (04 cos(t(sin4m/5)) + c5 sin(t(sin 47r/5)))
or

y(t) = cret + 0309t (02 c0s 0.951t + c3 sin 0.951t> + ¢ 0-809¢ (04 c0s 0.588t + c5 sin 0.588t).



