Differential Equations Practice: 2nd Order Linear: Complex Roots of Characteristic Equation
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Questions

1+2i iy the form a + ib.

Example (3.3.1) Use Euler’s formula to write e
Example (3.3.3) Use Euler’s formula to write '™ in the form a + ib.
Example (3.3.7) Find the general solution of the differential equation 3" — 23" + 2y = 0.

Example (3.3.17) Find the solution of the initial value problem y” + 4y = 0,4(0) = 0,4’ (0) = 1.

Solutions
Example (3.3.1) Use Euler’s formula to write e!*2 in the form a + ib.
plH2i 1,2

e(cos2 +isin2)

e cos 2 + iesin 2)

Example (3.3.3) Use Euler’s formula to write €™ in the form a + ib.
e™ = cosm4isinm
= -1

Example (3.3.7) Find the general solution of the differential equation y” — 2y + 2y = 0.

This is a constant coefficient equation. Therefore, we assume that a solution of the form y = e"* exists.
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Substitute into the original equation:

' =2 +2y=0— (r? —2r +2)e"" =0
Then r must be a root of the characteristic equation:

r?—2r+2=0
Use the quadratic formula to find the solution:
—b+Vb? —4dac
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2+2y/-1

2
= 1+i=A+pu

So A =1, p=1. Two linearly independent solutions are
y1(t) = eMcosput = el cost, yo(t) = eM sinpt = elsint

so the general solution is

2
y(t) = cyi(t) = cre’ cost + cae’ sint
i=1
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Example (3.3.17) Find the solution of the initial value problem y"” + 4y = 0,4(0) = 0,¢'(0) = 1.
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This is a constant coefficient equation. Therefore, we assume that a solution of the form y = e"* exists.
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Substitute into the original equation:
Y +dy=0— (r*+4)e" =0

Then r must be a root of the characteristic equation:
2 +4=0—>r1o==+2i=\+ pi.

So A =0, u = 2. Two linearly independent solutions are
y1(t) = eMcos ut = cos2t, yo(t) = M sin ut = sin 2t

so the general solution is
2
y(t) = Z ¢iyi(t) = c1 cos 2t + co sin 2t
i=1

Use the initial conditions to determine the constants ¢; and cs.

y(t) = c¢1c082t+ cosin2t
y'(t) = —2c;1sin2t+ 2cy cos 2t
y(0) = =0
y(0) = +2c0=1-—c2=1/2

The initial value problem has solution y(t) = 1 sin2¢. You can sketch this by hand. It is a sinusoid function, so it will
increase oscillate with period 7 and amplitude 1/2.




