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Questions

Example (3.5.3) Find a general solution of the differential equation y” — 2y’ — 3y = —3te™".
Example (3.5.7) Find a general solution of the differential equation 2y” + 3y’ +y = t? + 3sint.
Example (3.5.17) Find a general solution of the initial value problem y” + 4y = 3sin 2¢, y(0) = 2, y'(0) — 1.

Solutions
Example (3.5.3) Find a general solution of the differential equation y” — 2y’ — 3y = —3te™t.
This is a nonhomogeneous constant coefficient equation. We first solve the associated homogeneous differential equation:
y' =2y —3y=0
Since this is a constant coefficient differential equation, we assume the solution looks like y = ™. Then:
/ rton 2,1t

y=e", o =re™, y' =rie

Substitute into the differential equation:

y' =2y -3y = 0
(r? —2r —3)™ = 0
r2—2r—3 = 0 -characteristic equation
(r=3)(r+1) = 0
The roots of the characteristic equation are r1 = 3 and 7o = —1. A fundamental set of solutions to the associated

homogeneous equation is y;(t) = €3 and ys(t) = e~

The complementary solution is therefore
2
ye(t) = Z ciyi(t) = c1e® 4 coe ™.
i=1

We can use the method of undetermined coefficients to find a particular solution to the nonhomogeneous differential
equation, since the form of g(t) = —3te™! is one of our special forms (polynomial and exponential).

Initially, assume a solution of the original differential equation is Y (t) = (At + B)e™?, since g(t) is the product of an
exponential and a polynomial.

However, when we compare this Y (¢) with y.(¢t) we see that part of Y(¢) is contained in y.(t). This part will satisfy the
homogeneous equation, and therefore not satisfy the nonhomogeneous equation! We know before we even start that this
is not a solution of the nonhomogeneous differential equation! If we tried to substitute it in and determine the constants
A and B, we would find that we are unable to determine A and B. You might want to try this to see what problems you
run into.

Instead, consider Y (t) = t(At + B)e~! = (At?> + Bt)e~t. There is no overlap with y.(¢), so this will be a solution of the
nonhomogeneous equation. All we need to do is substitute it in and determine the value of the constants A and B.

Y(t) = (At*+ Bt)e™?
Y'(t) (2At + B)e™t — (At?> 4+ Bt)e™!
Y'(t) = (24)e”! —2(2At + B)e™' + (At* + Bt)e™!
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Substitute into the differential equation

y' =2y -3y = —3te!
(2A)e™" — 2(2At + B)e ' 4 (At? + Bt)e ' — 2(2At + B)e ' + 2(At? + Bt)e ' —3(At* + Bt)e™! = —3te!
(24) — 2(2At + B) + (At*> + Bt) — 2(2At + B) + 2(At> + Bt) — 3(At* + Bt) = -3t
(2A —2B —2B) + (—4A+ B —4A+2B - 3B)t + (A +2A - 3A)t* = -3t
(2A—4B) + (-8A)t = -3t
(2A—4B)+ (—8A+3)t = 0

For this to be true for all values of ¢, the coefficients of the powers of ¢ must be identically zero, which means 24 — 4B = 0
and —8A + 3 = 0. Solving these two equations in the two unknowns A and B yields A = 3/8 and B = 3/16.

A particular solution is therefore y,(t) = Y (t) = (3t?/8 + 3t/16)e~".

A general solution to the nonhomogeneous differential equation is

y(t) Ye(t) + yp(t)

3 3
3t t 2 t
= + e
cie coe (8 16 ) e

Example (3.5.7) Find a general solution of the differential equation 2y” + 3y’ +y = t> + 3sint.

This is a nonhomogeneous constant coefficient equation. We first solve the associated homogeneous differential equation:
2y +3y +y=0

Since this is a constant coefficient differential equation, we assume the solution looks like y = ™. Then:

/ 1
y:ert’ y :,rert’ y :’/‘26”.

Substitute into the differential equation:

2/ +3y' +y = 0
2r+3r+1)" = 0
2r2+3r+1 = 0 -characteristic equation
2r+1)(r+1) = 0
The roots of the characteristic equation are 71 = —1/2 and r = —1. A fundamental set of solutions to the associated

homogeneous equation is ¥ (t) = e~ /% and y(t) = e *.

The complementary solution is therefore
2
Yelt) = Z ciyi(t) = cre™"? 4 cpe™.
i=1

We can use the method of undetermined coefficients to find a particular solution to the nonhomogeneous differential
equation, since the form of g(t) = 2 + 3sint is one of our special forms (polynomial and sine).

We split the nonhomogeneous differential equation into two differential equations, and solve each in turn (since the differ-
ential equation is linear, we can add the two solutions we find to get the particular solution to the original nonhomogeneous
differential equation).

2" 4+ 3y +y =1t> and 2" + 3y +y = 3sint

Initially, assume a solution of the first differential equation is Y;(t) = At?> + Bt + C, since g(t) = t? is a polynomial.
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There is no overlap with y.(t), so this will be a solution of the nonhomogeneous equation. All we need to do is substitute
it in and determine the value of the constants A, B and C.

Yi(t) = At?+Bt+C
Y/(t) = 24t+ B
Y(t) = 24

Substitute into the differential equation

2y//+3y/+y _ t2
2(24) +3(2At + B) + (A* + Bt + C) = 2
t*(A-1)+t'(6A+B)+t°(4A+3B+C) = 0

For this to be true for all values of ¢, the coefficients of the powers of ¢ must be identically zero, which means A — 1 = 0,
=0 and 44 + 3B + C = 0. Solving these three equations in the three unknowns A, B and C yields A =1, B = —6 and
C = 14.

A particular solution is therefore Y;(t) = t? — 6t + 14.
Initially, assume a solution of the second differential equation is Y3(t) = Asint + B cost, since g(t) = 3sint is a sine.

There is no overlap with y.(t), so this will be a solution of the nonhomogeneous equation. All we need to do is substitute
it in and determine the value of the constants A and B.

Ya(t) = Asint+ Bcost
Y5 (t) Acost — Bsint
Yy (t) —Asint — Bcost

Substitute into the differential equation

2y" +3y +y = 3sint
2(—Asint — Bcost) + 3(Acost — Bsint) + (Asint + Bcost) = 3sint
(—A—3B—3)sint + (3A — B) cost

I
o

For this to be true for all values of ¢, the coefficients of the powers of ¢ must be identically zero, which means —A—3B—3 =
Oand 3A — B = 0.

’ 3 -3 ‘ ‘ -1 3 ’
0 -1 3 0
-1 -3 10 10 10
3 -1
A particular solution is therefore Y3(t) = — 2 sint — -% cost.

A general solution to the nonhomogeneous differential equation is

3 9
= cle_t/2 + cge? +t2—6t+ 14— Esint— 1—Ocost.

y(t)

Example (3.5.17) Find a general solution of the initial value problem y” 4+ 4y = 3sin 2t, y(0) = 2, y’(0) — 1.

This is a nonhomogeneous constant coefficient equation. We first solve the associated homogeneous differential equation:

y' +4y=0
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Since this is a constant coefficient differential equation, we assume the solution looks like yy = €. Then:

! "
y:ert’ y :rert’ Y :TQert.

Substitute into the differential equation:

y// +4y = 0
(rP+4)e = 0
r24+4 = 0 characteristic equation
r = 4£2
The roots of the characteristic equation are r; = +2i and ro = —2i, complex conjugates with A = 0 and g = 2. A
fundamental set of solutions to the associated homogeneous equation is y; (t) = e cos ut = cos 2t and y,(t) = e sin ut =

sin 2t.

The complementary solution is therefore
2
ye(t) = Z ¢iy:i(t) = ¢1 cos 2t + co sin 2t.
i=1

We can use the method of undetermined coefficients to find a particular solution to the nonhomogeneous differential
equation, since the form of g(t) = 3sin 2¢ is one of our special forms.

Initially, assume a solution of the second differential equation is Y'(t) = Asin2t + B cos 2t, since g(t) = 3sin2¢ is a sine.
This will not work since there is overlap with y.(¢). Instead, choose Y (t) = At sin 2t + Bt cos 2t.

There is no overlap with y.(t), so this will be a solution of the nonhomogeneous equation. All we need to do is substitute
it in and determine the value of the constants A and B.

Y(t) = Atsin2t+ Btcos2t
Y'(t) = Asin2t+ 2Atsin2t + Bcos2t — 2B sin 2t
Y'(t) = 4Acos2t—4Atsin2t — 4Bsin2t — 4Bt cos 2t

Substitute into the differential equation

y'+4y = 3sin2t
(4A cos 2t — 4 Atsin 2t — 4B sin 2t — 4Bt cos 2t) + 4(Atsin 2t + Btcos2t) = 3sin2t
(4A)cos2t + (—4B —3)sin2t = 0

For this to be true for all values of ¢, the coeflicients of the sine and cosine must be identically zero, which means 44 = Oand
—4B — 3 = 0. Therefore, A =0,B = —3/4.

A particular solution is therefore Y () = — 2t cos 2t.

A general solution to the nonhomogeneous differential equation is

y(t) Ye(t) + yp(t),

3
= c¢1c082t+ cosin2t — Ztcos 2t.

Use the initial conditions to determine the constants ¢; and co:

3
y(t) = c1co82t+ cosin2t — Zt cos 2t
/ . 3 3 .
y'(t) = —2¢18in2t + 2c¢o cos2t — 708 2t + §t sin 2t
y0)=2 = ¢
3
y(0)=-1 = 2c——
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Therefore, ¢; = 2 and ¢; = —1/8. The solution to the initial value problem is

1 3
y(t) = 2cos2t — 3 sin 2t — Ztcos 2t.




