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Questions

Example (5.5.1) Determine the solution to the differential equation 2zy” + 3 + zy = 0 about z¢ = 0.
Example (5.5.3) Try to determine two solutions to the differential equation xy” 4+ y = 0 about ¢ = 0.

Example (5.6.1) Determine the exponents of the singularity for the differential equation xzy” + 2zy’ 4+ 6e*y = 0 about
o = 0.

Example (5.6.11) Find the exponents at the singularity for all the regular singular points of the differential equation
(4 —22)y" + 22y + 3y = 0.

Solutions

Example (5.5.1) Determine the solution to the differential equation 2zy” + 3’ + xy = 0 about z¢ = 0.
1

1
Identify p(z) = By and ¢(x) = 7

1
Since p(z) is not analytic at zo = 0, we have xg = 0 as a singular point. Since zp(x) = 3 is analytic at g = 0, we have

xo = 0 as a regular singular point. Since ¢(z) is analytic at 2o = 0, we don’t need to consider it.

Therefore, assume a solution looks like y = "7, a,2™"", and we will look for an indicial equation and recurrence relations.

oo

y o= Y apz"™t’
n=0
oo

y/ = Z(n—"_r)anajn+ril
n=0
o0

Yy = Z(n+r)(n+r—l)anx”+T72

n=0

Substitute into the differential equation

20y +y' +ay = 0
20 (n+r)(n+r—1aa" "+ ZnJrr 2T 4y ™t = 0
Z2(’I’L+T‘)(’n—|—fr—1 gt 1+Z n4r n+r—1+zanmn+r+1 - 0
n=0 n=0 n=0
S @+ )+ —ag + (n+)ag) 2™+ 3 anan T = 0
n=0 "0
0 oo
Z(n +7)(2n 4+ 2r — Dapa™ ™ + Z anz™ttl =
n=0 n=0
S r)@n+2r = Daya™ 7 4 Y au ™ = 0
n=0 n=2
r(2r — Dagz™ ' + (L+7)(2r + Darz” + Y (n+7)2n+2r — Dapa" "1+ a, 2™t = 0
n=2 n=2
r(2r — Dagx” " + (L +7)(2r + Daz” + Z {(n +7)(2n+ 2r — 1)a, + an,g} Tt o= 0

n=2
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If this is true for all values of x, each coefficient of  must be zero, so we get the equations:

r(2r — 1)ag
(1+7r)@2r+1a =
(n+7r)2n+2r —1a, +ap_2 =

o O O

We can choose either of the first two equations from the above list as the indicial equation. Let’s choose the first, so we
must have ag # 0 and r(2r — 1) = 0, so the roots of the indicial equation are r =0 and r = 1/2.

For each root of the indicial equation, we can try to get a series solution, since we will get different recurrence relations.

r=20:

agp = arbitrary, not equal to zero
(14+0)(200)+1a; = 0—sa; =0
Ap—2
n T T T a1\ ::Z ,4,“.
“ n(2n —1) " ’
v — 0
> 7 2.3
aj
= —7:0
“ 3.5
W = 02 _ a0
YT 47 23407
as
= —7:0
4 5.9
a - _ Q4 __ an
67 611 2.3-4-6-7-11
a; = — @ _
T
Therefore,
2 4 6
- 0 _»;547 X . X
y(t) = aox (1 2.3 172.3.4.7 2-3~4-6-7~11+"')'

Since aq is arbitrary, but not equal to zero, we can set ag = 1. A first solution of the differential equation is

IQ $4 IG
t)=1— — —
n(t) 2.3 2.3.4.7 2.3.4.6-7-11 "
r=1/2:
ag = arbitrary, not equal to zero
(14+1/2)(2(1/2) +1)a;, = 0—>a; =0
Ap—2
o= —— 72 =234,...
“ n(2n+1) "
ag
ay = ——
2 2.5
ay
- 1 9
a3 3.7
_ G2 _ Qg
T T 9T 92459
as
- 8 _
@ 5-9
a4 ap
a e — —
6 6-13 2-4-5-6-9-13
as
a7 = — =
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Therefore,

2 4 6
t) = apzr'/? (1- 2= T < ).
y(t) = aox ( 2572459 2456913

Since aq is arbitrary, but not equal to zero, we can set ag = 1. A second solution of the differential equation is

2 4 6
yz(t):xm(l =t : )

"95.572.459 2456913

If we had chosen the second equation as the indicial equation, we would get exactly the same solutions. Let’s work it
through for one solution, and see what happens.

The indicial equation (1 + 7)(2r + 1)a; = 0 tells us that so we must have a; # 0 and (1 +r)(2r 4+ 1) = 0, so the roots of
the indicial equation are r = —1 and r = —1/2.

r=—1:
(-DE2(-1)—1)ag = 0—ap=0
a1 = arbitrary, not equal to zero
Qp—2
o= 2 =234,...
“ 2n—-3)n-1) "
_ _ % _
Ay = 2.3 0
oo @
5T 3.2
a2
= —7:0
aa 3.5
- - B a
T T4 2347
ay
= —7:0
a6 9.5
- = B ay
T 116 2-3.4-6-7-11
Therefore,
1 x3 x® z’
H=az (2 — —— -
y(t) = ar (m 5372347 2346711 )

Since a; is arbitrary, but not equal to zero, we can set a; = 1. A solution of the differential equation is

=a (oo DT il TR T s +
yilt) = 932347 234671 )T 232347 2346711

which is what we found before.
This is because we shifted the values of by —1, but also shifted the a,, by +1, which results in exactly the same solution.

Example (5.5.3) Try to determine two solutions to the differential equation xy” 4+ y = 0 about z¢ = 0.
1

Identify p(z) = 0 and ¢(x) = —.
x

Since ¢(z) is not analytic at zo = 0, we have 2o = 0 as a singular point. Since 2%q(z) = = is analytic at 29 = 0, we have
xo = 0 as a regular singular point. Since p(z) is analytic at zo = 0, we don’t need to consider it.




Differential Equations Practice: Series Solutions about Regular Singular Point Page 4

Therefore, assume a solution looks like y = >~7 ; a,2™"", and we will look for an indicial equation and recurrence relations.

0o
y = E an$n+r
n=0
00

yo= Y ranetr
n=0
o0

Yy = Z(n+r)(n+r71)anx””*2
n=0

Substitute into the differential equation

.’I:y” +y _ 0
23 (4 r)(n+r—Daa™ 243 a,a" = 0
n=0 n=0
DAt = Daga™ 4 3 ana™ = 0
n=0 n=0
S ntr)ntr—1Dapa™ T 4> a2 =0
n=0 n=1
0 oo
r(r = Daga” ™+ > ()7 = Dana™ 3 a2 = 0
n=1 n—1
r(r —1)agz"™ Z[n+r n+7w,1)an+an_1}xn+rfl - 0

If this is true for all values of x, each coefficient of x must be zero, so we get the equations:

r(r—1)ay = 0
(n+r)(n+r—1a,+ap—1 = 0, n=1,2,3,4,...

The first equation is the indicial equation, so we must have ag # 0 and r(r — 1) = 0, so the roots of the indicial equation
are r = 0 and r = 1. These differ by an integer, so we might expect that we will have trouble finding two solutions. You
should always choose to work with the largest root of the indicial equation first.

r=1:
agp = arbitrary, not equal to zero
Gp—1
n = ——, =1,2,3,4,...
“ n(n+1) "
“oT T
o ap ag
@2 7 7937 1.2.2-3
as ag
a = _—_— =
8 3. 1-2.3.2.3-4
aq
n o — -1
“ ( )n!(n+1)!
Therefore,

t):xrzanl‘ —ao.’I}Z Tl)
n=0
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Since ag is arbitrary, but not equal to zero, we can set ag = 1. A first solution of the differential equation is

o0 In+1
t) = o e
nlt) Z( ) nl(n+1)!
n=0
Let’s see what happens if we try to find a second solution:
r=20:
ap = arbitrary, not equal to zero
Gp—1
= ——, n=1234,...
(i n(n —1) "
)
ag = ———
! 1(1-1)

We get division by zero, so we cannot determine a second solution. We will revisit this topic again in more detail in Section
5.7, where we use reduction of order to get a second solution. This is also discussed in Section 5.6.

Example (5.6.1) Determine the exponents of the singularity for the differential equation xy” + 2zy’ 4+ 6e*y = 0 about
Zo =0.

2 x
Identify p(x) = 22— 9 and q(z) = 6i.
T x

Since p(x) is not analytic at zg = 0, we have xo = 0 as a singular point. Since xp(z) = 2z and x?q(x) = 6ze® are both
analytic at zg = 0, we have x¢p = 0 as a regular singular point.

The exponents of the singularity are the solutions to the indicial equation, and the indicial equation can be found from the
associated Euler equation. We need the Taylor series expansions of zp(z) and z%q(z):

zp(x) = 2z
D> pue”
n=0

= po+pix+pea® +p3a + -

s0 po = 0 (the only nonzero coefficient is p; = 2).

z?q(x) = 6xe

T

n

= 6$§:%

n=0
1,3
= 6x+6x2+6?+~-~

oo
= > "

n=0

= Qo+ qr+gr’ g+

so qog = 0.

The associated Euler equation replaces zp(z) ~ pg and z2¢g(z) ~ qo, so our equation becomes:

zy” + 22y’ + 6e”y

22y +x - 2wy’ + 6y =

2y +x - poy +qy =
2y +x-(0)y +(0)y =

$2y” _

associated Euler equation

o O O O O
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This can be solved by assuming y = z"; 3/ = r(r — 1)2" 2, so substituting into Eq. (??),

22r(r—1)z" = 0

r(r—1) = 0 indicial equation

So the exponents at the singularity are 1 = 0 and ro = 1.

Example (5.6.11) Find the exponents at the singularity for all the regular singular points of the differential equation
(4 — 22)y" + 22y + 3y = 0.

First, we need to find the regular singular points.

2z 2z 3 3

Identify p(z) = 2 G2t and ¢q(z) = 1—2 -2 t)

Since p(x) is not analytic at g = £2, we have xg = £2 as singular points. These are also the singular points for ¢(z).

Consider z = +2:

2 3(zx—2
Since (x — 2)p(x) = —2_5 and (z — 2)%*q(x) = —% are both analytic at zg = 42, we have xyp = +2 as a regular
T x
singular point.
Consider x = —2:
2 3 2
Since (z+2)p(x) = 5 T and (x+2)%q(z) = % are both analytic at zp = —2, we have xy = —2 as a regular singular
—x —x

point.
OK, now we need to determine the exponents at the singularity for each regular singular point.

Consider z = +2:

The exponents of the singularity are the solutions to the indicial equation, and the indicial equation can be found from the
associated Euler equation. We need the Taylor series expansions of (z — 2)p(x) and (z — 2)%q(x):

2z
—9 = _
(- 2pla) = —5o
1 1
= —-1- Z(:I: -2)+ E(w —2)2 4 ... Taylor series about zg = —2
= potpi(r—2) +par—2)7+ps(z 27+
so pg = —1.
3(x—2)
—92)2 = 2= 4
(¢~ 2a(x) L
3 3 3 :
= O—i(x—Q)—i—ﬁ(x—Q) — -+ Taylor series about xy = —2

Q@+ qi(r—2) + gz —2)* + g3z —2)3 + -

so qo = 0.
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The associated Euler equation replaces (x — 2)p(z) ~ pg and (x — 2)%¢q(z) ~ qo, so our equation becomes:

(4 -2y +229 +3y = 0
/, 2x ,
y o+ y + y = 0
2-2)2+2)"  (2-2)2+7)
2x 3
2,1 _ . _ A | - 2 9 _
(0= 2P+ (0= o=y + =D Gy = 0
2x 3(xz —2)
_ 2,1 o . o _
(@=2%" —(z—-2) v = =~V 0
(x—2)%" 4+ (x —2)poy’ + @y = 0 associated Euler equation
(z=2)%" + (@ -2)(-1)y +(0)y = 0
(z-2%"—(@-2)y = 0 (2)

This can be solved by assuming y = (z —2)"; ¥’ = r(x —2)" "%, " = r(r — 1)(x — 2)"~2, so substituting into Eq. (??),

(x—2%(r—1D)(z—-2)"2(xz—-2r(z—-2)""" = 0
r(r—1)—r = 0 indicial equation
r(r—=2) = 0
So the exponents at the singularity xo = —2 are r; = 0 and r, = 2.
Consider x = —2:

The exponents of the singularity are the solutions to the indicial equation, and the indicial equation can be found from the
associated Euler equation. We need the Taylor series expansions of (z + 2)p(z) and (z + 2)%q(z):

2z
2 =
(w4 2p(e) = 5o
1 1
= —1+1($+2) 16(:5—1—2) + .- Taylor series about zy = +2
= po+pi(z+2) +pa(e+2)* +ps(z +2)° + -
so pg = —1.
3(z+2)
2)? = =
(o +27() = g
3
= 0+ i(x—|—2) 16(33—}—2) .-+ Taylor series about xyp = 42

= go+qa@+2)+q@@@+2)*+g@+2)>+- -

so qg = 0.

The associated Euler equation replaces (x + 2)p(z) ~ pg and (x + 2)%q(z) ~ qo, so our equation becomes:

(4—2*)"+2zy' +3y = 0
2z , _
Yresoero! Teoera? 0
(z+2)%" + (x+2)-(x+2)(2)ﬁy'+( +2)% =0
@42+ @+ oy 2D,
(x+2)%" + (x+2)poy’ + @y = 0 associated Euler equation
(@+2)% "+ (@+2)(-1)y' +(0)y = 0
(+2)%" —(x+2)y’ = 0 (3)
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This can be solved by assuming y = (z +2)"; 3 =r(x +2)" L, v = r(r — 1)(z + 2)" 2, so substituting into Eq. (??),

(z+2)2%r(r—1)(z+2)" 2= (z+2)r(z+2)""t = 0
r(r—1)—r = 0 indicial equation
r(r—=2) = 0
So the exponents at the singularity xg = —2 are r; = 0 and r, = 2.

If we can remember the following form, we can get the indicial equation directly from F(r) = r(r — 1) + por + qo, which is
the from of the indicial equation for the associated Euler equation. If we forget it, we can use the process described in the
solutions to create and solve the associated Euler equation.




