Precalculus: Complex Zeroes and The Fundamental Theorem of Algebra

Questions

1. Factor f(z) = 2* + 23 + 522 — 2 — 6.
2. Factor f(x) = 2% + 42 — 5.

3. Determine the real and imaginary parts of the complex number v/4i. Hint: Let Vi = a + bi a,b € R, and then try to
determine the values of a and b.

4. Verify that —2i is a zero of f(x) = 23 — (2 —i)2? + (2 — 2i)x — 4.

5. If z is a complex number, which of the following is a real number?

6. Write the polynomial f(z) = z(z — 1)(x — 1 — i)(xz — 1 4 ¢) in standard form, and identify the zeros of the function and
the z-intercepts of its graph.

7. Can a polynomial f(z) of degree five with real coefficients have exactly two z-intercepts? Explain.
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Solutions

1. Factor f(z) = 2* + 23 + 522 — 2 — 6.
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2. Factor f(x) =2 + 42 — 5.
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3. Determine the real and imaginary parts of the complex number v/4i. Hint: Let Vi = a + bi a,b € R, and then try to

determine the values of a and b.
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4. Verify that —2i is a zero of f(z) = 23 — (2 — )22 + (2 — 2i)x — 4.

flx)=a2>—(2—i)zx* + (2 - 2i)x — 4

f(=2i) = (=2i)° — (2 = i) (=20)* + (2 — 20)(—2i) — 4
= (=2)33 — (2 —i)(—2)%% — 4i + 4i® — 4
= (=8)(i%)i — (2 —4)(4)(—1) — 4i +4(—1) — 4
= (=8)(—1)i — (—8 +4i) — 4i — 8
=8 +8—41—41—8
=0

a)z+zZ=a+bita—-bi=2a€R

22=(a+bi)(a—bi)=a>—bi’=a>+b*€R

(z+2)?€Rsince z +z2€ R

d) (22)® € R since 2z € R
z

= (a + bi)* = a® 4 2abi + v*i* = (a® — b*) + 2abi is not R unless a = 0
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6. Write the polynomial f(z) = z(z — 1)(x — 1 — i)(xz — 1 4 ¢) in standard form, and identify the zeros of the function and
the z-intercepts of its graph.

Zeros of f(z) are: x =0,1,1+4.
x-intercepts of the graph of f(z) are the real zeros only, so z = 0, 1.

Multiply out to get in standard form:

fl@)y=z(z—1)(z—-1—-19)(x—1+1)
— (@ =)o (14— 1 - )
= (2% —2)(2® + [1 +i)[1 —i] — [l + 4] — z[1 —i])
= (2% —2)(2® + 1 — i® — x>0 — x4a7)
= (2% —2)(2® +1—(-1) — 22)
= (2* —2)(2® +2 — 22)

= (2% —x)(2® — 22 +2)
=2%(2? — 20 +2) — (2 — 22+ 2)
=t — 203 4227 — 23 4+ 227 — 22

2t =323 4+ 422 — 22

7. Can a polynomial f(z) of degree five with real coefficients have exactly two x-intercepts? Explain.

Yes, but one of the x-intercepts must be of multiplicity two or four so the function f(z) does not change sign there. The
other z-intercept will be of multiplicity one. For a specific example, consider f(z) = (v — 1)2?(z? + 1) = 2° — 2* + 23 — 22,
which is degree five with z-intercepts of 0 (multiplicity 2) and 1 (multiplicity 2). An example having multiplicity four for
one of the intercepts would be f(z) = (z — 1)z

Note that x-intercepts correspond to real valued factors.
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