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Note: It is generally alright to reuse letters (y, f, u,w, etc.) in your solution to a problem as long as they weren’t part
of the original question. For example, in Example 6, I reuse vy, f,u (they stand for different things at different times in
my solution) since they are quantities I introduced in my solution. However, in Example 6, y was part of the original
question, so I do not reuse that variable in my solution. The exception to this is that you can reuse y if your answer is an
equation of a tangent line!

Note on Trigonometric Functions When dealing with trig functions, we prefer to work in radians rather than degrees.
Recall that to switch between the two measures, we can think that a circle is swept out when the angle goes through 360
degrees, or 27 radians: 27 radians = 360 degrees . The reason for this is exemplified in the following question.

On the test which is coming up you will have access to Mathematica to check derivatives and solve equations, but there
will still be problems which will require you to work out derivatives by hand, and you will still need to show your work to
get full credit. Remember, Mathematica does not do our thinking for us!

1. Example 3.5.77 Use the chain rule to show that if 6 is measured in degrees, and z is the same angle measured in
radians, then

. T
%Slnﬁ = ﬁcosﬁ

Solution Recall, if = is measured in radians, we have

—sinx = cos
dx

which is a simpler formula. The relation between radians and degrees is 8° = 7w /180 radians.

, d. . do T
%mnﬁ = @[bme]% = cos@m

2. Example Find the equation of the tangent line to the curve y = x 4 cosz at (0,1).

Solution Statements:

The slope of the tangent line is the derivative of the function.

We want the equation of the tangent line, so our answer will look like y — yo = m(z — x¢).
The point we are interested in is (xg,yo) = (0, 1), which has = 0.

We want to find the derivative f/(0) = m.

We need to define f(z) =z + coszx.

Our answer will look like y — 1 = f/(0)(x — 0).

fl(x) = %[x + cos 7
= 1 — sin[z]
F(0) = 1-sin0=1

y—1 = f(0)(z—0)
y—1 = Dz
y = xz+1
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sin? ¢
3. Example Find the derivative of g(t) = ;-
cos
Solution
d [sin®t
/
) = —
g dt [ cost ]
d d
cost—[sin® ¢] — sin® t—[cos ]

= dt dt quotient rule

cos?t

The derivative of sin® ¢ will require the chain rule.

y = sin® ¢t decomposition: y = u>
u = sint
d .2 dy
—|sin“t] = —
i dt
d
= % . d—:: chain rule
= (2u) - (cost)
= 2sintcost

cost(2sint cost) — sin® t[— sin ]

cos? t
2sintcos?t + sin® ¢
cos2t
= 2sint +sinttan®¢

4. Example Use the chain rule to prove that the derivative of an even function is an odd function.

Solution An even function will satisfy the equation:

flx) = f(—x) differentiate this equation

since f'(x) = —f'(—xz), f'(x) is odd! Much easier than our previous proof of this result using the definition of derivative
(see Homework 2.9.47).
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5. Example 3.5.75 If n is a positive integer, prove that
d CNe o) on—1
d—[sm x cos(nzx)] = nsin" " zcos((n + 1)x).
T

Solution

d d d
%[sin” zcos(nz)] = —x[sin" x] cos(nx) + sin™ x%[cos(nl’)] product rule

We need to use the chain rule to do the two derivatives. Let’s do ’em!

y = sin”™ x decomposition: f = u"
u = sinx
d d
%[Sin" x] = Ef(u(x))
df d
= % . ﬁ chain rule
nu™ ! cosz

= nsin" 'zcosz

y = cos(nzx) decomposition: f = cosu
u = nx
d d
feos(na)] = - f(ulx)
af d

= £ . £ chain rule

= (—sinu)-n

= —nsin(nz)

Now we substitute back:

d[s'” cos(nz)] d['" ] cos(nzx) + sin™ d[cos( )] oduct rule
— [sin 3 = —/[sin in"r— T T
. x cos(nx g S0 @ nx T nz)| product ru

= nsin" 2 cosx cos(nz) + sin™ z(—nsin(nz))

n—1

= n(sin" 'z cos z cos(nx) — sin™ z sin(nz))

= nsin™ !z (cosz cos(nz) — sinz sin(nz))

Use the trig identity cosacosb — sinasinb = cos(a + b) to rewrite cosz cos(nx) — sinz sin(nx) = cos|[(n + 1)z] and we
arrive at the answer,

di[sin" zcos(nz)] = nsin” !z cos[(n + 1)z
z
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6. Example 3.5.22 y = ¢ °* cos 3z, find /().

Solution
d d
cTy = o [e™5% cos 3x]
x x
_a [e7%%] cos 3z + e " a [cos3x] product rule
T da d P

We must use the chain rule to do the two derivatives.

f = e 5% decomposition: f = e
U = —oT
d af d
% = é . ﬁ chain rule
— e%. (_5)
= —be "
f = cos 3z decomposition: f = cosu
u = 3z
ﬁ = ﬁ d—u chain rule
dr —  du dx
= —sinu-(3)
—3sin 3z

Now we can substitute back:

dy d —bx .
I 10 [e7°% cos 3z]
@

= [e75"] cos 3z + e "

dz
= —5e " cos3z + e °*(—3sin 3x)
—e 757 (5 cos 3x + 3sin 3z)

d
T [cos 3]
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7. Example 3.5.10 f(t) = m7 ﬁnd f/( )
Solution
d d
(t* — 2t — 5)4E - [(t* — 2t — 5)"]
') = (=2 =5 quotient rule

We need to use the chain rule to do this derivative:

y = (t* — 2t — 5)* decomposition: y = u
u = t*—-2t-5

d dy d
oo chain rule

dt du dt
= (4u®) (2t —2)
4(2t — 2)(t* — 2t — 5)3

Now we can substitute back:

, 4 [(#2 — 2t — 5)4]
rw = - (12— 2t — 5)8
4(2t — 2)(t* — 2t — 5)3
(t2 — 2t —5)8
4(2t —2)
(2 —2t—5)°

d
Alternate solution Rewrite the function as f(t) = (t> — 2t —5)~%. f'(t) = 7 [(#* —2t —5)71].
We need to use the chain rule to do this derivative:

f = (t* =2t —5)~* decomposition: f = u~*
w = t2—2t—5
d df d
l = l R chain rule

dt du dt
= (—4u™®)-(2t—2)
= 42t —2)(t* -2t —5)7°
pon df 4(2t — 2)
F=4 = (122t —5)°
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8. Example For what values of = does the curve y = x + cos 2z have horizontal tangents?

Solution Statements:

The slope of the tangent line is the derivative of the function.

We want the values of z, let’s call them x = a, for which the tangent is horizontal.
We need to solve f’(a) =0 for the number a.

We need to define f(x) = x + cos 2z.

Our answer will be the numbers a.

flx) = % [z + cos 27]

= 1+ %[sin 2]

decompose: u = 2z,

= 1+ %[Sin ul - Z—z (chain rule)

= 14 [—cosu]-[2]
= 1-2cos2z
f(la)=0 — 1-2sin2a=0

in%aq = —
Sl za 9

This can be solved by noting that sin(7/6) = 1/2. This is one of our special angles.
There are other solutions since sine is periodic with period 2, sin(7/6 + 2n7) = 1/2, n is an integer.

T
Therefore, 2a = — + 2nm, n is an integer.

s
Therefore, a = 12 + nm, n is an integer.

Alternatively, you can solve this using Mathematica:

flx_1 = x + Cos[2x]
£ [x]

Solvel[f’[x] == 0, x]
Reduce[f’ [x] == 0, x]

9. Example y = sin(e”). Find ¢/'.

Solution Here, y is a function of x, so y/ = dy/dzx.

y = sin(e”) decomposition: y = sinu
u = €

dy dy du hai |

-~ = —%~.— chain rule

dx du dx

= (cosu) - (e")

= e”cos(e”)
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10. Example 3.5.63 The displacement of a particle on a vibrating string is given by s = A cos(wt+4). Find the velocity
of the particle at time ¢. When is the velocity zero?

Solution Statements:

The velocity is the derivative of the position function.
The position function is given by s = f(¢).
The velocity will be v(t) = f/(¢).

We will need to use the chain rule to calculate the derivative.
Once we have the velocity, we can determine for what time it is zero by solving v(t) = 0 for ¢.

f(t) = Acos(wt 4 6) decomposition: f =

4
dt
4
dh
4
dh

h =

dh
- — chain rule
dt
d

[A cos h] 7 [wt + §]

A(—sinh)(w)
—Awssin(wt + §)

The velocity is zero when

—Awsin(wt+ ) =0

which occurs when wt + § = nr, n an integer, so t = (nm — 0) /w.

Acosh
wt+ 0

11. Example Find the z-coordinates in (—m, ) for which the curve y = sin(2z) — 2sinz has a horizontal tangent line.

Solution requires use of Mathematica to solve an equation.

Solution Statements:

Slope of the tangent line is the derivative of the function.

Our function will be f(z) = sin(2z) — 2sinz.

We will have to use the chain rule to determine the derivative (sin 2z).

If the tangent line is horizontal, then the slope is zero.
We want to find all the points a which satisfy f/(a) = 0.
Our answer will be the numbers a.

dxr

dx

du

i [sin(2z) — 2sinx]

d [sin(2x)] — 2%[Sin x]

[sinu], u=2x

d
[sin u]% chain rule

cosu - (2)
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= 2cos(2z)
f'(x) = 2cos(2x) —2cosw

Use Mathematica to solve for a in f'(a) = 0:
Solve[2 Cos[2a] - 2 Cos[a]l == 0, x]

And we find that a = 0, —27/3, 27/3.

2+ 1
12. E le Gi =———— —  find f'(2).
xample Given f(z) secrsinx + e2*’ nd f'(w)
Solution
d 241
! _ _ -
Fla) = dx lsecxsinx + e2z

(secxsinz + e%)di[\/:v2 +1] - (Va2 + l)di[secxsinx + %]
z z

= (quotient rule)

(seczsinx + e27)2

Let’s pause to work out the two derivatives as an aside.

d d
%[ 24+1 = %[\/EL u=2>+1
d d
= vl ﬁ, (chain rule)
1
= §u1/271 - (22)
1
= _ 2
5 (20).
B x
VaZ+1
d d d
%[secmsinx +e¥) = o [sec zsinz] + %[6230} (sum rule)
d
- - [sec 2] sinz 4 sec a:%[sin x]+ %[e“], u=2x
(first term: product rule; second term: set up for chain rule)
d
= [secztanz]sinz + sec z[cos z] + @[e“] . ﬁ, (chain rule)

1 sinx

| sinz + sec x| |+ €] (2), (simplify)

[cos T CoST sec T
= tan®z + 1+ 2e%*,

Now, we can substitute Equations (2) and (3) into Equation (1).

(secxsinz + eZ’E)di[\/x2 +1] = (Va2 + 1)%[secxsinx + %]
z z

flx) =

(seczsinx + e27)2
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(seczsinz + e%?) (\/xTTs-l) — (Va2 + D)[tan? z + 1 + 2¢%2]

(secx sinx + €2%)

2

If we need to, we can simplify this. However, we don’t have to if all we wanted was the derivative.

If we want to compare with what Mathematica gives us, we need to simplify a bit. Use the following: tan® x 4+ 1 = sec? z,

and seczsinz = tanx:

(tan o + €27) ( a:§+1> — (V22 + 1)[sec? x + 2¢27]

(tan z 4 e2%)2

f'(z)

2z T
(tanz 4 ) (m) (Va2 + 1)[sec? z + 2€27]

(tanx + e2%)2 (tanx + e2%)2
B x (Vo2 4+ 1)(sec? x + 2¢%7)
22 + 1(tan z + €2%) (tanz + e2)?

13. Example Given f(z) = cos(cos(cos(cosz))), find f'(z).
Solution This is a test of our chain rule abilities. Let’s decompose!
§=COsSw, W= COSV, U= COSU, U = COS Z.
Check we did the decomposition correctly:
(w(v(w@)))
= s (w(v(cosa)))
(w(cos (cosa:)))

= s(cos(cos(cosx)))

(sowowvou)(z) = s|wlv

= S

= cos(cos(cos(cosx)))

= fla)
Therefore, we can use the chain rule as follows.

ds dw dv du

/ — — ) — 8 —— 8 —
f(x) T odw dv du dz
= 9 leosu] - Lieos] - L feost] - - fcosa]
= dw COoSw d’U COsSv du COS u dx COS T

sinw] - [—sinv] - [—sinu] - [— sin 2]
sin(cosv)] - [sin(cosu)] - [sin cos x] - [sin z]

[
[sin(

= [sin(cos(cosu))] - [sin(cos(cos x))] - [sin(cos )] - [sin z]
[sin(

sin(cos(cos(cos z)))] - [sin(cos(cos x))] - [sin(cos x)] - [sin z]



