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1. Sets NF,,(P) and mass heuristics. Let
Fp(m) = |[NFp,(P)|. Some known cases:

P 1 2 3 4 5 6 7
Iy 1 0 O 0 0 0 O
{2} 1 3 0 0 O 0 O
{2,3} 1 7 9 23 5 62 10
{2,3,5} 1 15 32 144 1415
{2,3,5,7} 1 31 108 906 11465
{2,3,5,7,11} |1 63 360 5488
{2,3,5,7,11,13}{1 127 1168 31684

E.g., NF5({2,3}) = {Q[x]/fi(x) };=1... 5 with
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fo(x)
fa(x)
fa(x)
fs(x)
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— 2%+ 423 — 1222 + 122 — 12

A local-global mass heuristic lets one predict
Fp(m). For example, it predicts F{273,5)7}(5) ~
15561 while in fact F{273,5,7}(5) = 11465. It
seems reasonable to expect that the prediction
IS asymptotically correct as one goes down a

column.



But what about going to the right on a row,
i.e. the behavior of Fp(m) for fixed P and in-
creasing m~? The literal predictions of the mass
heuristic are as follows in some examples:

30+ log,o Fp (m)
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This might lead one to expect that, for any
fixed P, no matter how large, Fp(m) is even-
tually zero. This may be indeed be correct
for “small” P. For example, the largest m for

. Frov(m)
hich {2}
e {F{z,s}(m)

m = 2
m = 64

is known to be nonzero is



However. . .

For ' a non-abelian finite simple group, let Pr
be the set of primes dividing |I'|. Note that
the only such Pr with |Pr| < 3 are {2,3,p}
with p € {5,7,13,17}.

Define P to be large if P contains some Pr and
small otherwise. So if |[P| <2 or 2¢ P then P
IS small.

This talk is about a systematic (and rather
classical!) construction of what we call Hur-
witz number algebras. Their ramifying primes
are very well controlled and evidence points
strongly to Galois groups being generically the
full alternating or symmetric groups on the de-
gree. Accordingly we now think,

Conjecture. For any fixed large P, the num-
ber Fp(m) can be arbitrarily large.



2. First example. Consider polynomials in
Cly] of the form

g(y) = y°> +by> + ey +dy +e.

The four critical values are given by the roots
of the resultant

r(t) = Resy(g(y) —¢t,9'(y)).
Explicitly, this resultant works out to

r(t) =

3125t4

+1250(3bc — 10e)¢3

+ (108b5 — 900b3d 4+ 825b%¢2 — 11250bce 4+ 2000bd?
+2250¢2d + 1875062) £2

—2 (108b5e — 36b%cd + 8b3c3 — 900b3de + 825b°%c?e + 280b°cd?
—315bc3d — 5625bce? + 2000bd?e + 54¢° 4+ 2250c°de
—800cd® + 625063) ¢

+ (108b5e2 — 72b%de + 16b%d3 + 16b3c3e — 4b3c2d? — 900b3de?

+825b2%c?e? + 560b%cd?e — 128b%d* — 630bc3de + 144bc2d3
—3750bce3 4+ 2000bd?%e? + 108c%e — 27c*d? + 2250c2de?
—1600cd3e + 256d° + 312584) .



To find all polynomials g(y) whose critical val-
ues are, say, —2, 0, 1, 2, we need to solve
r(t) = 3125(t + 2)t(t — 1)(t — 2) for (b,c,d, e).
The twenty-five e that arise are the roots of

F(e)

= 2983825 1 ... 4 4543326944239835953052526892234,

which is irreducible over Z.

A better defining polynomial for Q[e]/F'(e) is

flx) =

3325

— 5224 4+ 15223 — 5222 — 38022 + 129022° — 450021°

—28080z'% 4+ 183510z'" + 749102'° — 30331502%° + 41813701
+27399420x13 — 48219480212 — 124127340z + 26632158021°
446660276527 — 5922355052°% — 90595196527 + 12325294552°
+24232856402° + 664599470z* — 81416500023

—517891860z2 — 58209720z + 2436924

Its field discriminant is known a priori to be of
the form +£2*3*5* and is in fact

D

1119186718586212624367616000000000000000000000000000000
256334530 )

Not much is known a priori about the Galois
group of f(x). It works out to Ass.



Some pictures illustrating the situation:

Five real polynomials with critical values —2, 0, 1, 2
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The preimage of [—2,2] under all twenty-five polynomials




3. 10000 fields in NF55({2,3,5}) Our spe-
cialization polynomial (t+2)t(t—1)(t —2) can
be replaced by any quartic polynomial with
leading coefficient and discriminant divisible only
by 2, 3, and 5. Via changes of coordinates,
mMost cases are covered by the family

s(u,v;t) = t* — 6ut® — 8ut — 3uv.

The corresponding moduli polynomial F'(u,v;e)
has 145 terms with coefficients averaging 37
digits.

A small search gets 11031 pairs (u,v) which
keep ramification in {2,3,5}:
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Top: Specialization points (u,v) for F(u,v;e).
Bottom: the discriminant locus (thick) and special lines (thin).



Over each of the special lines, the defining
equation can be much simplified. E.g. over
u = v it becomes
fap(u, ) = 4(1 —u)(z + 2)-
(7293:8 — 4862" — 7022°% — 82° 4+ 1052* + 111823
15574 + 12962 — 576)

—55u(x — 1)*2°.
Computation shows that all 11031 specializa-
tion points give Aoy or Sog fields. The behavior
of the exponents a, b, ¢ in D = +2%3b5¢ s very
constrained:
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4. Generalities I: Families. In general, a
Hurwitz number algebra is indexed by its pa-
rameter,

H=1,..., 25, 21,...,Zs M).

The parameter for our first example was

H = (2111,5; {~2,0,1,2}, {o0}; S5).

In general, the \; are partitions of a given pos-
itive integer n, the Z; are disjoint Gal(Q/Q)-
stable subsets of P = C U {c0}, and M is a
transitive degree n permutation group of the
form I or .2 with ' non-abelian simple.

Let Xy be the set of degree n covers of P, ram-
ified only over UZ;, with local ramification par-
tition \; for all t € Z;, and global monodromy
group M. Then Gal(Q/Q) acts naturally on
X g and the corresponding Hurwitz number al-
gebra is Ky. Its primes of bad reduction are
within the primes of bad reduction for UZ; and
the primes dividing |M].



Replacing each Z; by its size z; gives the cor-
responding familial parameter:

hZ(Al,...,Ag;Zl,...,Zg;M).

Each h gives a chain of varieties
YV, = Xp xP— X B Uz

One starts with a focus on degree n covers of
P and ends with a complicated degree m cover
Xy, of the very simple variety Uz, ... 2,

One can cut down dimensions by three via the
natural PGL,(C) action. In our degree twenty-
five case h = (2111,5;4,1; Sy), the u-v plane is
an essential slice of the five-dimensional variety
Ug 1. Over this slice, the cover Xy is given by
the equation F(u,v;e) = 0.



Important invariants of families are

the degree of the original cover
the number of ramification points
the genus of the original cover
the degree of the moduli cover

Log,o N Log;y N

7t n=b 7 n=6

3 4 5 6 3 4 5 6

Dots correspond to families



z = 11111

n glA1 A2 A3 Az As m m
6 1|2 3 22 222 33 69

z = 311
n glA1 A1 A1 A2 A3 m m
6 0|3 3 3 2 4 96
6 0|2 2 2 4 5 75
6 0|2 2 2 4 42 72
6 0|22 22 22 2 2221 60 6.0
6 0|2 2 2 22 6 54
6 0|2 2 2 32 33 54
50|2 2 2 3 4 48
50|2 2 2 22 4 48
50|2 2 2 3 32 45
6 0|3 3 3 2 2221 44
6 0|2 2 2 3 6 36
6 0|2 2 2 4 33 36
5 0|2 2 2 22 32 36
6 0|2 2 2 222 5 25
6 0|2 2 2 222 42 16.0
6 1|222 222 222 2 3 9a
6 0|2 2 2 222 33 9b
6 1|222 222 222 2 22 6.0

z—= 41
n glA1 A1 A1 A1 A2 m m
6 0|3 3 3 3 22 1192
50(2 2 2 2 5 25

z = 32
n glA1 A1 A1 A2 A2 m m
5 0|3 3 3 2 2 55
6 1|3 3 3 222 2221 48 1.3
50122 22 22 2 2 40

z=D5
n giA1 A1 A1 A1 A\ m m
6 0|3 3 3 3 3 96

Five-point families with genus

z = 2111
n glA1 A1 A2 A3 A\ m 0
6 02 2 3 4 32 202
6 0|3 3 2 22 4 168
6 0|2 2 3 22 5 125
6 0|2 2 3 22 42 | 100
6 1122 22 2 222 33 57 10.5
6 1|2 2 32 222 33 60
6 0|2 2 22 32 222 60
6 1|3 3 2 222 33 58
6 0122 22 2 3 222 b7
6 11222 222 2 3 32 48 8.0
6 1|2 2 4 222 33 | 48a 4.5
6 11222 222 2 3 4 48b
6 0|2 2 3 32 222 52
6 0|2 2 3 22 33 48
6 0|3 3 2 22 2221 42
6 11222 222 2 22 4 40a 6.0
6 0|2 2 22 4 222 40b
6 0|2 2 3 4 222 36
z= 221
n glA1 A1 A1 A2 A3 m 0
6 02 2 22 22 42 | 128
6 0|2 2 4 4 3 89
6 0|2 2 3 3 42 80
6 0|2 2 3 3 5 75
6 1|2 2 33 33 22 | 60a 4.5
6 1|3 3 222 222 22 60b 4.0
6 1|22 22 222 222 3 54a 9.0
6 0|2 2 22 22 33 54b 4.5
6 1|2 2 33 33 3 60
50|12 2 3 3 22 58
50|12 2 22 22 3 48
6 0|2 2 3 3 33 39
6 1|2 2 222 222 5 25ab
6 1|2 2 222 222 42 |16ab
6 1|2 2 222 222 33 8.5
6 0|2 2 222 222 22 8.0
6 0|2 2 222 222 3 4.0
< 1 and low degree




5. Generalities II: Specialization. For each
partition z, we have a base-stack U, over Z
which contains our specialization points (after
quotient by PGL>). We are interested in their
points U.(Z"). These are very explicit sets.

Examples:

Ul’l,l,l(ZP) {t € 7ZP* ¢ -1 c ZPX}
U111 1(2{2’3}) = 53{2, 3,4, 9} (21 elements)

Y b}

Us31(Z”) = {j-invs for ECs over ZF}
U3 1(21235%h)] = 440

It's easy to produce elements of these sets. In
favorable cases, one can prove that there are
no more elements, e.g. for the cases Useqpya(Z12:351).
For example,

Us1s 14(Z4235h)| = 3,923,023, 104, 000.



For the conjecture, it is important to prove
that for all large P, the sets U,(ZF) can be
arbitrarily large. In fact this is true for all non-
empty P, via cyclotomic polynomials and their
near-relatives.

Example: the roots of an irreducible near-relative
of a cyclotomic polynomial of degree 215 —
43768 and discriminant of the form +2*. This

polynomial gives one of many systematically
constructed points in Usz7es.1.1.1(Z12}).

VA R




6. 2000 fields in NFyy>({2,3,5}). To con-
struct these fields:

I. Construct family belonging to

h = (302p1¢,31111,40011,21111;1,1,1,2; Sg).

This procedure starts with consideration of
y2 +dy+e

with (a, b, c,d, e) chosen so that the critical val-

ues are 0, 1, oo and the two roots of (t2 4 ut+

v). The result is a polynomial F(u,v;b) with
0226 terms.

II. Plug in the 2947 elements (u,v) in the spe-
cialization set Uy 11 2(Z12:35}). Each gives a
degree 202 polynomial of field discriminant of
the form +223%5¢. To support the conjecture,
we would like many of these polynomials to
be irreducible with Galois group all of Asgo oOr

S202.



The specialization set Uy 1.12(Z1%3:5}) is

10—

-10 L L L L L L L L L
-10

For all 2947 specialization points, the Galois
group of F'(u,wv;b) is all of Asgo or Sopo.

Even degenerations of our polynomial F'(u,v;b)
have degrees which are large enough to pose
computational challenges. For example

F(—2t,t% z) = (32°—122+10)° f3o(t, 2)> fag(t, x)?
These degenerations give 4-point MNFs.



7. Concluding Remarks.

A. Starting with degree n families of Malle
and others, involving the simple groups I =
PSL2(7), PSL2(8), PSLQ(].].), Myo, we get
degree m families, still with A,, and S,, as
desired, but now with other bad primes, e.q.
{2,3,7}.

B. There seems hope for predicting the ram-
ification of Hurwitz number algebras in terms
of the placement of the specialization point in
the relevant specialization set U,(ZF).

C. So what does the sequence of Fp(m) =
INFpn(P)| look like for P large? We don't
know, but perhaps something in the spirit of

...,0,10%° 0,...,0,0,10'%° 0,0,...,0,0,0,10%9% 0,0...



