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1. Generalities. The thrice-punctured
line.

Let 79" = C — {0, 1}, base-pointed at x =
1/2. Then

71 (T2, %) (90, 91)

= (90,91, 90|909190 = 1).

One can also consider the thrice-punctured
line T over QQ, with

7?1(Tan7*> — 7/1\'1(T, *) — Gal(@/@)

We are interested in representations of the
profinite group 7w1(7,x) into GL,(E) for
various rings E. They have both a geo-
metric and arithmetic nature.



Hypergeometric motives.

Let a1,...,a4,081,---,84 € Q/Z, with com-
mon denominator c.

Let a; = e2T% qnd b; = e2miPj

Let

fl@) = a®+ Azt 4.
g(z) = 294 Bz 1 4...
have roots a; and bj respectively.

Let hgol and hg be the corresponding com-
panion matrices. Then (hg,hoo) acts irre-
ducibly on C% if and only if a; 7 8; always.

Assume (simplest case that we're focusing
on here) that the a's and B's are stable
under multiplication by elements of (Z/c)*.
Then both hg and heo are in GL4(7Z).



The data determine a rank d local sys-
tem H(«; B;7Z) over T,  Thus for every
t € T one has a rank d free Z-module
H(a,B,7Z)t. The monodromy about 0, 1,
and oo is given by hg, hy = hgthyl, and

o0 !
hoo.

The richness of the situation comes be-
cause H(«; B;7Z) is motivic. This means,
among other things, that for t € T(Q) =
Q — {0,1}, the group Gal(Q/Q) acts on
H(«; 8;7Zp)+ and as £ varies these actions
are ‘“‘compatible” with each other.

A prime p can be ramified in H(«; B; Zy)+
only if p divides

c-£-num(t) -denom(t) - num(t — 1).

It is at worst tamely ramified unless p di-
vides c - /.



Reductions modulo ¢. Even the reductions
H(«; 8;Fy) are interesting. Two interesting
phenomena occur:

1) H(a; B;Fy) depends only on the prime-
to-¢ parts & and B of o and 3.

2) (hg, hoo) acts irreducibly on F¢ if and only
if a; # B, always.



2. Examples. A sequence of examples is

d
D d

1 1l ——
Hd(E)=H(§,...,§;O,...,O;E).

Then, with X;: y2 =z(z — 1)(z — t),

Hi(E)¢ E\t(1 1)

Ho(E)q H* (X, E)

H3(E); = Sym?HY(X(,E) @ E\Jt(1 —t)
In general the Zariski closure of (hg, hoo) in

GLy4(F) is small if char(EF) = 2 and other-
wise

O, (FE) if dis odd

The choice £ = F3 isinteresting here. We'll
pursue the case d = 5. Here Og(F3)/(41)
has the form H.2 where H is a simple group
of order 25920 = 29345, The action of H.2
on IP>4(IE4‘3) has orbit-decomposition

3° -1
PH(F3)| = 57 — 121 =36+40b+45.

{ Spy(E) if d is even




for(u, z) = 212 (323 — 30 — 1)°
—u (482° 4 108z” + 63z + 11) -
(362° + 1622° 4 135z + 1382° 4 108z° + 362 + 4)4

fa6(u, @) = 2233 (2° — 3¢ + 1)°
—u (2° — 32° — 30z* — 194° + 782> 4 33z — 83)° -
(2° — 325 — 32* + 84% — 32% — 21z + 25)"

faca(u, @) = 223z — 1) (32% — 3z + 1)° (323 — 922 + 62 — 1)°
—u (322 — 6z + 2)° (92" + 242% — 24z 4 8) -
(272° — 542" — 362° + 5042° — 8462 4 6242° — 240z° + 4

faop(u, x) = 21233 (z — 2)3(x 4+ 1) (:1:3 — 3x + 1)9
—Uu (:r;6 — 322+ 62% — 1923 + 242% + 152 — 29)4 -
(2® 4 82" + 102° — 642> — 1252* 4 22472> 4 2142° — 88z —

fas(u,x) = 21233 (23 =32+ 1)° (2® + 322 — 62 + 1)°
—u(z — 2) (:U6 4+ 62° 4+ 62* — 102> — 7522 4+ 962 — 20)2
(z° 4+ 22" — 142° — 102> + 702* — 1302° 4 1062° — 22z + 1

All with £2*3*u*(u — 1)*. Use u = %.



3A. Tame Ramification. Primes not di-
viding c¢-¢ are tame and behave very simply:

If t is p-adically k-close to the cusp c¢ €
{0, 1,0}, the inertial element 7y is the class
hk.

Illustration. Take t = 50. Then t = 2 . 52
is 5-adically 2-close to 0. The algebras
Qs[z]/fn(50,x) factor over Qg as follows:

27 93

36 93x09

40a 93 x33x3x1
40b 93 x9x3x1
45 93 x 9 x 33.

The regular unipotent nature of 7 = h3 is
evident from all the 9’s.

Also t = 1 4+ 72 is 7-adically 2-close to 1.
The fact that 77 = h$ = Identity is evident
from the fields Q[x]/fn(50,x) all being un-
ramified at 7.



3B. Wild Ramification. Primes dividing
c- ¢ are generally wild and behave in a very
complicated way. However wild ramifica-
tion can be investigated in H(«; 8;Fy)+ via
equations and this sheds light on H(«; 8; Z);.

Illustration. The next two slides gives 2-
adic and 3-adic ramification in

as a function of ¢:
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4A. Rank four symplectic motives mod

3 and degree 80 even polynomials. There

are 13 rank four symplectic hypergeomet-

ric motives with coefficients in Fj:
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They all lift to finite monodromy motives
with coefficients in Q(v/—3). on the Beukers-

Heckman list.



There is an explicit degree 80 polynomial

f(b,c,d, e;z) = 250 + 15120b27° + .

having 1673 terms and giving three-torsion

in

y2=335—|—baf;3—|—cx2—l—dac—|—e.

By specializing f, at least nine of the thir-
teen mod 3 representations are identified:

BH b C d e
24

25 —t t 0 —t2
26 6t 16t  9t2 0
27  —4t 4t —t 0
28 0 4t 3t 0
29

30 —10t O 25t2  16t2
31 0 0 —5t 4t
32

33 —15¢t O 0 162t2
34

35 0 40t —60t 144t
36 0 —20t O 48t2



4B. Rank eight orthogonal motives mod
2 and degree 240 even polynomials. The
last fifteen entries on the Beukers-Heckman
list, BH63-BH77, have Galois group

W(Eg) = 2.04 (2).2

of order 21435527 = 696,729,600. The
last one, BH77, is

(1 5 7 11 13171923)

© T \04'24°24’24’ 24" 24 24’ 24
1241578

B — (07_7_7_7_7_7_7_) Wlth
9'0’9’2’9°9°9

) (1 111222 2)

a = |[— — — — — —, —, —

~ 4 57 8

B = (o,o —————— ) |
A polynomial for it comes from specializing
Shioda’'s generic W (Eg) polynomial:

S(0,0,0,0,54t, —243t, —729¢t,0) =
2240 4 1415232002222 4 . ..



